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PREFACE. 

The object of the present treatise is to give in small 
compass clear proofs of all the ordinary Algebraical 
Theorems. The best existing text-books on the subject 
are exhaustive. Explanations of the most elementary- 
facts and elaborate discussions of most minute and subtle 
points are alike to be found in them. Consequently, the 
student of ordinary capacity who is preparing for Cam- 
bridge, Woolwich, or the Indian Civil Service, finds what 
he wants imbedded in a vast mass of what is not necessary 
for him to read. From this objection the present treatise 
is free. Moreover, the proofs here given are as far as 
possible independent, and in no single instance have two 
demonstrations of the same theorem been offered. The 
writer's experience in tuition has convinced him that it 
is most inexpedient to present such an alternative to 
most learners. It generally leads to their confusing the 
two proofs, and being unable to reproduce either. 

The Examples which will be found at the end partake 
more of the character of problems, than those which are 
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usually given in text-books, and are selected chiefly from 
Cambridge Examination Papers. 

My thanks are due to the Eev. J. E. Lunn, B.D., late 
Fellow and Lecturer of St.' John's, and to Mr. C. Body, 
B. A., Scholar of St John's, for much valuable assistance ; 
also to the Eev. Percival Frost, M.A., Lecturer at King's, 
for kindly allowing me to use his methods on several 
occasions, notably in Sections 68 and 70. 

J, H. E, 



Edoeborough, Gttildford, 
June, 1875. 
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1. A Term is a quantity whioli serves to make up an Alge- 
braical expression by way of addition or subtraction. 

A Factor is a quantity wbich serves to make up an Alge- 
braical expression by way of multiplication. 

Thus 2a*+dab+5b* consists of three terms, each of which 
consists of several factors. 

The first term 2a' consists of three factors 2.a.a. 

The second Sab „ „ Z,a.b, 

The third 6b* „ „ 6.6.6. 

A simple flEUStor consists of only one term. A compound 
flEUStor of two or more terms. 

Thus 2a{b+c) consists of two factors. 

A simple factor 2a and a compound factor (b+c). 

In N*" and !>• of a fraction we cannot cancel terms : — .— is 

a+c 

h ah . h 

not — • We may cancel factors: — w — for we may 
c ac c 

divide N^ and />*" by the same quantity " a." 

2. Def. The repetition of a factor is denoted by a small figure 
placed above it to the right, indicating the number of times it is 
repeated. 

Thus aXaXaXa is denoted by a*, 

aXaXaX to 20 factors, by a** ; 

or generally aXaXaX . . . to w factors by a**. 
The small figure is called an index. 

A 
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3. The whole of Algebra is founded on three Laws — 

(i) The Index Law . . . o'»xo'*=o'" "*■**. 

(ii) The Commutative Law . db=:ba. 

(iii) The Distributive Law . a{bdzc)=ahdzac. 

4. To prove a'*Xa'*=a»*+»*, m and n being positive in- 
tegers. 

By Def. a^^^a,a,a ... to m factors, 
and a*^=a.a.a ... to n factors; 
.*. flt^Xa'*=a.a.a . . . torn factors, X a.a.a ... to n factors, 
^=a,a.a ... to (w+w) factors. 
=am+n by def. 

This translated into words is ^^In Multiplication add the 
Indices." 

I 5. Arithmetical and Symbolical Algebra differ as follows : — 

(i) In the Symbols used, which in Arithmetical Algebra 
denote positive integers, but in Symbolical Algebra 
quantities of any kind whatever. 

(ii) In the Signs + and — , which in Arithmetical 
Algebra denote the operations of Addition and 
Subtraction, but in Symbolical Algebra the 
affections of the symbols to which they are applied. 

(iii) In the grounds on which they rest. The laws in 
Arithmetical Algebra are deduced from the nature 
of numbers (as in 4), but in Symbolical Algebra 
these laws of combination are assumed to be 
universally true, and the meaning of the signs 
and symbols is interpreted. 

6. To interpret the meaning of a^ on the assumption 
a'»xa'*=a'»+'*. 

(i) Let m be a 4- ve integer. 

Then a«»=oi+i+i+ • • • *°"»*«™«=ra.a.a . . . to wi factors. 
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(ii) Let m be a +ve fraction =— 



T T 

-H h ... to « terms 



Then o'Xa'Xa'. , . to a factors =a' ' "* =a^; 

r 

,•. o'ss the 5tli root of a^= v'a^ 
(iii) Let m be negative = — n. 

Then a'»+»Xa-«=a»»=a'».a'». -^ ; 

„ 1 
a** 
(iv) Let m=0. 

Then a"* X a° = 0*"+° = a** ; 

. Cob. a'»-ra«=a'»X-^> which by (iii), 
=a"*Xa-«=a'*-~. 



7. To prove that (a"*)'*=a'»**. 

(i) Let m be a +ve integer. 

Then (a"*)**=a'»xa'»xa"*X . . . to n factors, 

— QWH-»»+in+ . . . tonterxM 

r 
(ii) Let n=— , a fraction. 

o 

Then (a'»)«^= i:j(a^Y- iJa^^=aJ. 
(iii) Let n be negative =— r. 

Then (a^)'r^j^^= —=a-^r^ 

8. Hence the rules of indices are — 



In multiplication add the indices. Thus a' xa*=«^. 

In division subtract ihem^ a^ -^a^^^a*. 

In raising to apotuer multiply them, . . (a«)*=a'. 
In talcing a root divide them, .... !!Ja*=a^. 
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9. Proof of the Ck>iiimutative Law : — 

fta= a+«+«+ ... to 6 terms, 

1+1+1+ • • • to o terms, 

+1+1+1+ . . . to a terms, 

+1+1+1+ . . . to a terms, 

the number of rows being &, 

= &+ft+ft+ .... to a terms, 

10. Proof of the Distributive Law: — 

wi(o — &) = wio — m5. 
For m[a'-h)=[a'—h)m and so denotes (a— ft) groups of m 
each. Hence if we had a such groups we should have h groups 
too many, i.e, if we had am things we should have hm things too 
many. We should therefore have to subtract these hm things ; 

.'. wi(a— ft)=am— ftm=7»a— mft. 
NoTB. — ah means a times h. 
Similarly it may be proved that m{a+h)=ma+mb, 

11. Bule of Signs in Multiplication. 
Since m{a — h)=ma'-mh, let wi=c— <?; 

.•. (c— rf)(a— 6)=(c— rf)a— (c— <?)J, 

= (ca — da)— (oh — hcT), 

Hence from the remainder found by subtracting da from ca, 
we must take the remainder found by subtracting bd from cb. 
Thus, if from ca-^da we took cb, we should have taken bd too 
much. We should therefore now have to add bd; 

.', (c— <?)(a— ft)=ca— da— c6+6<?. 

Whence it appears that in multiplying a—h by c— d, we 
multiply each term in the one by each term in the other, and 
when the factors multiplied have like signs, we prefix the sign +, 
and when unlike signs the sign — . This law is the rule of signs. 

Note. — Such cases as (+«)x(— y) and (-«)x(— y) can 
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occur in Arithmetical Algebra only as single terms in combination 
with some others. In Symbolical Algebra this is not so ; e,g. in 
the above let ci=0 and c=0, and then (— J)x(— cZ)=+6£?. 
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12. We accept it as axiomatic that we cannot collect and 
express in one term any but like quantities. 

For instance we cannot say 2 a's and 3 &'s are 5 of any unit 
whatever. In adding them all we can do is to couple them by 
the sign +, thus 2a+3fc. 

With like quantities the case is different. Their sum can be 
expressed in one term. Thus 2a and 3a are, when added, 5a. 
2a'& and 3a'& are 5a^5, and so on. 

This same rule evidently holds with respect to subtraction. 

13. Bole of Signs in Subtraction. 

^' Change signs in the subtrahend and add.^ 

Proof. — Let the minuend be a and the subtrahend ft—c, and 
we are required to find the result when fc— c is taken from a. 
Consider as an approximate result a—h. This is clearly too 
little, for we have taken from a the whole of &, instead of a 
quantity c less than h. Therefore we have subtracted c too 
much; therefore our result is c too little. Hence the true 
result is a— &+C, which is what would have been obtained by 
changing the signs in the subtrahend and adding. 

Brackets are merely cases of addition or subtraction. A 
bracket preceded by + denotes the addition of the enclosed 
quantities to the former term. Consequently there will be no 
change of signs on removing the brackets. Thus 

a-\-{h—c)=a+h—c. 
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A bracket preceded by — denote the subtraction of the en- 
closed quantities from the former term. Consequently the 
signs of the enclosed quantities must be changed on the removal 
of the brackets. 

Thus a— (&— c)=a— &+C. 
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14. Observe cc^it^** is exactly divisible by x±y when n is 
odd, and the signs in Dividend and Divisor the same, or when n 
is even and the sign in the Dividend is ~. All other cases will 
leave a remainder. 

The signs in the quotient will be all + if we divide by x—y, 
and altema^ie if we divide by aj+y. 

The coefficients are all unity. 

The terms are a;""^, af^"^}/, x'^^^y^, etc., where the indices of 
X decrease regularly by unity, and the indices of 1/ similarly 
increase. 

An example or two will make this plain. 

^ ' x—y 

This is divisible, for the indices are odd and the signs 

alike. 
The terms are a?*, x% x^y^, oct/^, y*. 
The signs are all +• 
Hence the quotient is a^-^-x^y+x^y* +xy* +y*, 

15. A knowledge of the preceding section is of great use in 
factorizing. If we know that a certain quantity, 15 say, is 
divisible by 5, it follows that 5 is one factor and the quotient 
(3) the other factor* 
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So if we have aj»+y* we know that (x^y) is contained in it 
(«* — Qcy +y*) times ; 

.-. a;»+y» = (a;+y)(a;«— «y+2r*), 
so ic'— ^* = (a;— y)(a;«+a:;y+^^). 
It should also be remembered that 

(a;+y)(a;-2r)=a;'— 3/* 

(ic— y)'=ic*— ^•— 3a;y(a;— y). 

16. Quantities are said to be homogeneous when the sum of 
the indices is the same in each term. 

Thus aj*+3a;^y+3a?y*+^' is homogeneous, the sum of the 
indices in each term being 3. 

Quantities are said to be symmetrical when all the symbols 
are similarly involved in them. 

Thus a;'+aj+y*+y is symmetrical 

If il be a homogeneous expression of m dimensions and B 
another of n dimensions, AB is homogeneous in (m+n) di- 

mensions; d" is homogeneous in (m— w) dimensions; AF is 

homogeneous in m'p dimensions, and \fA. is homogeneous in — 

dimensions. We can often, by remembering this and noticing 
where the homogeneity is broken, detect errors in working. 

17. Homer's Bule. — If f{x) he an expression of the form 

p«aJ^4"i'n-i^'*~^+ • • • +i'i^4"i'o» ^^ remainder when it is 
divided by x — a, isf(a)j (all the symbols denoting finite quantities). 

Let .R denote this remainder, which cannot contain x or the 
division might be carried farther. Let Q denote the quotient 

which is of the form g„_iiC^-^+^n-si*^~^+ • • • 4-3^0, aiid Q' 
the resulting quantity when a is written instead of x in Q. 
Then since the symbols all denote finite quantities Q is finite. 
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Now since universally Dividend = (Divisor x Quotient) 
+Eemainder; 

/. /(x)=Q(aj-a)+^, 
and this is true for all values of x. Therefore let a;=a. 

Hencey(o)=G'(0)+A and Q! is finite; 

So if^«) be divided by {x-\-a) the remainder v&fi^—d). 

Note. — -f(x) is a rational integral algebraical function of x, 
and to say that its remainder is /(a) when it is divided by x—a 
is equivalent to saying that the remainder is the same as the 
dividend, ordy with a written instead of x. 

Thus the remainder when a;*— 3a; +2 is divided by «— 6 is 
6«— 3.5+2=12, which we obtain otherwise by actual division : 

aj— 6)a;«-3a;+2(a;+2 
a;* — 5a; 



2a;+ 2 
2a;-10 

I2. 

Take another example. 

By Homer's rule the remainder when x^^px^-\-qx—r is 
divided by a?— a is a^—pa^+qa—r. 
Found by actual division thus : 

x--a) X* —px^ ^qx—r {x'^ —{p—a)x^{ap—a* —q) 

x^^ax^ 

— (p— a)a;*+g^a; 

— (^ — a)x^ + {ap— a'^)x 

—(ap^a^—q)x''r 

— (ap—a^—q)x+(a^p—a^—qa) 

a^—pd^+qa—r. 

The student will see subsequently the utility of thus quickly 
writing down a remainder. 
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18. A measure of a quantity is that which is contained in it 
exactly. 

A common measure of two or more quantities is one which is 
contained in eajch exactly. 

The greatest common measure (g.c.m.) of two or more quan- 
tities, is the greatest quantity contained in each exactly. 

In algebra the term highest common divisor is used some- 
times in preference to g.c.m., because we seek in this subject for 
that common divisor which is highest in dimensions, not that 
which is greatest in magnitude : and it may happen that these 
are opposed. 

Thus («— 1) and (x—iy are alike common divisors of («— 1)' 
and (»— 1)*, but («— 1)' is the h.c.d. 

Now if «=f say, («—!)= J, and (a;— 1)'=^, so that the h.cd. 
is less in magnitude than the other divisor (^—1). It is there- 
fore not the G.C.M. Although for this reason it would be 
better to use the term h.c.d. in algebra, the term g.c.m. is still 
generally employed. 

19. Proof of the rule for finding the G.CJUl of two 
(inantities. 

(i) Lemma. — Any quantity x which measures a and h also 
measures ma^nh. 

For let X be contained in a, p times, and in &, q times ; 

,'. a^px, and b=qx\ 
.•. ma^=mpx, and nb=nqx; 
.'. madznb={mpzk:np)x; 
.'. X is contained in maihnb, viz., (mpzhnq) times, 
(ii) To find the g.c.m. of a and b when they contain no simple 

factors. b)a{p 

Let b be not of higher dimensions pb 
than a, and divide as in the subjoined ~^ b {q 
scheme. qc 

Then any quantity which measures d) c (r 

a and b also measures a—pb, that is c _^ 

(by the Lemma) ; and it measures b, ^IL 
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.*. any quantity which measures a and h also measures 
h and c.^ 

Again, any quantity which measures h and c also measures 
c-\rpb, that is a ; and it measures 5. 

.*. any quantity which measures h and c also measures 
a and h. 

.*. a and h and & and c have precisely the same common 
measures. 

Similarly c and d have precisely the same common measures 
as h and c, and .*. as a and h. 

Now if 6^ is exactly contained in c, then, since no quantity 
greater than d measures d, d is the g.c.m. of c and dj and there- 
fore of a and h 

(iii) To find the g.o.m. of a and p which contain simple 
factors. Let i^ be a simple factor contained in a, and a the 
resulting quantity when this factor is struck out — -f a simple 
factor in ^, and h the resulting quantity when this factor is 
struck out ; 

.'. a=:i^«, and I3=fb. 

Now the common simple factor, if any exist, can be found by 
inspection from jPand/; and the common compound factor, if 
any exist, from a and b by the ordinary method. The product 
of the common simple factor and the common compound factor 
is obviously the g.'o.m. sought. 

(iv) If, in course of working, a simple factor 'occur in a 
remainder, we may strike, it out and take no farther notice 
of it. . , 

Let the remainder c contain a simple h 

factor/, and c' be the resulting quantity — _/./ 

when this is struck out. 

Then the compound factor we are in search of is in c; .'.in 
/c', but it cannot be in / a simple factor, .*. it is in c^ ; .*. we 
may work with c' instead of c. 

(v) If the first term of a be not divisible by the first term of 
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h we may 'multiply a by some simple factor / which will make 
it so. 

For since / contains only simple factors it is clear that the 
compound factor common to fa and h must be identical with 
that common to a and h. 

20. To find the a. cm. of three quantities a, 5, and c. 
Let X be the g.cm. of a and h, 

.*. X contains all the factors common to a and h, 

.*. the factor common to a, h^ and c, must be common to x 

and c. ^ 

.*. the G.CM. of X and c will be the g.cm. of a, ft, and c. 

21. A common multiple of two or more quantities is any 
« quantity which exactly contains each of them ; and their l.cm. 

is the least quantity which so contains them. 
, The L.CM. is generally in practice found by inspection. All 
we have to do is to write down all the quantities in their most 
folly factorized forms. The expression which involves every 
factor that appears is the l.cm. 

Thus to find the l.cm. of aft(a»+ft»), a«(a+5)% &'^(a— ft), 

a5(a8+ft8)=aft(a+ft)(a«— aft+ft2), 

a«(a+ft)«=a2(a+ft)% 

ft«(a-ft)=ft2(a-ft) ; 

.-. the L.CM. =a«ft''(a+ft)2(a— ft)(a2— aft+ft«). 

Note, — Eemember to write the highest power of any factor, for 
that has to be contained in the l.o.m. 

22. If X be the g.cm. of a, and ft their l.cm. = — xft. 

' X 

For let X be contained in a, p times, and in ft, q times ; 
.'. a^=^px and h=qXj B.ndp and q are prime to one another; 

px a , 

.-. the L.CM.=^ic= — qx=— Xo. 

X X 
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23. The method of working the following example should be 
observed. 

If (x—a) be the g.c.m. of ic*+i^+9' ai^d x'^-\-rx^s^ then 

will a= • 

For the remainders, when these two quantities are divided by 
x—a are o^-\-pa-\-qi and a^-\-ra-\'8 (Horner's rule). 

But since a;— a measures the given quantities these remainders 
must severally =0; 

and ^ o*+ra+«=0 ; 
.-. (i?— r)a+(2'--«)=0; 
/. (^— r)a=«— g; 

,\ a— 

(Z C 6 

24. If -7-=-T=-7- then any one of these fractions 

__aitcdbe 
''bdbd±f' 

T ^ a c € 

.*. a=5a?, ±c=itcZa7, ±e=it/r ; 
.-. a±c±e=(6db(iit/)a;; 

The student will easily see that either fraction may be proved 

^maiizncihpe 
"^ mh dznddzpf 

26. If i-=-T, then r= — 3- 

J a a— 6 c— a 

For 1+1=^+1. .-. ^'=£±-^ 
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whence by division 7= 3' 

•^ a—o c—d 

This result is extremely useful in dealing with two fractions 
in equations, etc. 

26. The following methods of simplification should he 
careftilly noticed. 

(i) Prove 

For since &=a makes the Z^ vanish, 

(a— &) is a factor of the D*". 
So (&— c) and (c—a) are factors of the Z)**, 

and (a— &), (&— c)> (^""^)> *'® prime to each other ; 

.-. i>'=A;(a— &)(&— c)(c— a). 

Now from a comparison of dimensions it is plain that k does 
not involve a, &, or c. 

Therefore since the N^ is found from the D*" by writing 
a*f b*y c*, for a, ft, c, respectively. 

.•. the N^=k{a*'—b*){b*—c*){c^-^a*) k being tmchanged, 

,\ the fraction = j,^ — Ittt — xt^^ v— 

A;(a— e>)(6— c)(c— a) 

={a+b){b+ c) {c+a), q.e.d. 

(ii) Prove (a-6)»+(6-c)'+(c-a)«=3(a-&)(J-c)(c-a). 
First method. 

Since b^a makes the left-hand side vanish. 

(a— ft) is a factor of it. 

So also are (ft— c) and {c^a) ; 

. •. the left-hand side = k{a —b){b—c)(c'^a). 
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Now the value of A; is clearly independent of abc ; 

.-. let a=3, &=2, c=l ; 

.-. l+l+(-2)»=A;.l.l(-2); 

.-. 2A;=6; .-. A;=3; 

.*. the left-hand side =3(a— 6)(5— c)(c— o). 

Second method. 

Let (a— 6)=a?, (6— c)=y, and .•. (c— a) = — (a;+^). 
Hence left-hand side =0?'+^— (a?+^)^ 

=3(a-i)(i-c)(c— a). 
It is important to remember the following factorization : — 

as it frequently occurs in problems. 

27. When an expression is raised to any power the process is 
called Involution, and when a root is taken the process is called 
Evolution, 

Since any even number of like signs multiplied together pro- 
duce +, it is clear that we cannot have an even root of a negative 
quantity, and that in taking an even root of a + ve quantity, we 
must prefix a double sign ±. 

Thus V--4 is purely imaginary. Neither —2 nor +2 when 
squared will produce —4. 

But V4=±2 for -f2 or —2 when squared alikfe produce 4. 

It is obvious that an odd root of a negative quantity is not 

imaginary, for an odd number of — signs produces — . Thus 

Vir8=-2. 

28. The following is a quick way of squaring a multinomial : — 

Rule. — Let A be the quantity to be squared. 
Beneath A write down its double. 

Square the first term in A, and multiply the first term by all 
the doubles which follow it. 
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Square the second term in A^ and multiply the second term by 
all the doubles which follow it. 

Deal similarly with each of the quantities in A^ and finally 
add. 

Examjple, 1 — a; +a;* 

2-2a;+2aj* 
l-2a:+2a;« 

l-2aj+3a;*-2a;»+i»* 

Beasonfor the ruU^ 

(a+&+c+...)'=«'+2a(^+c+...)+(2>+c+...)' 

=a*+a(25+2c+...)+6«+2&(c+...)+(c+...)* 
=a«+a(26+2c+,..) 

+5«+5(2c+...) 

4-c^+ etc. 

29. We shall 'presume on the student's knowledge of the 
ordinary methods of extracting square and cube roots. As in 
division, however, he must be careful before working to arrange 
the terms so that the indices of some chosen symbol may 
gradually increase or gradually decrease. He should remember 
also that a numerical coefficient supposes a literal coefficient 
with index 0. 

Thus a*+2+a-«=a«+2ao+a-«. 

For instance, if we are required to find the square root of 

»• v' 2a; 2v 

-j+^H 1 — ^ + 3, we must first arrange with reference to 

y X y X 

one of the symbols, say x, and write 

y y X x^ 

where the indices of «, viz., 2, 1, 0, —1,-2, decrease regularly. 



i6 
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The example may be worked as follows : — 



aj* 2a? ^ 2v 



«' 



y 



0? 



til. 



a? 



2a? 



fl 



2a? « 
— +3 

y 

2a? ^ 
— 4-1 



y 






a? a;* 



a? 



a?' 



Another illustration will be useful. 

Find the square root of \/a;*+ Vy'— 2 V«'y'» 

(i) Convert irvlo fractional indices, 
(ii) Arrange 

a*— 2a?y*+y* ( a;*— y* 

a:* 

2a;*-y» 



-2a?^y»+y* 
-2a?»y«+y* 



Thus conversion into fractional indices and arrangements are 
the two important things to bear in mind in working roots of this 
kind. 



X 



30, We have seen that quantities like V— 4 are purely 
imaginary — ^that no approximation to their value can be found. 

With quantities like V2 the case is different These are 
called Surds, and though their value cannot be found exactly, 
still approximations may be made, approaching nearer and 
nearer to the true value, as we go on extracting the root to 
more decimal places. 
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It may be well to remember that 

V2=1.414 . . . 
V3=1.732 . . . 

31. A quantity like a/32 may be obviously written 

Vl6:2= VI6. V2=4 V2. 

In thii^ case V32 is called an entire surd and 4 V2 is that 
entire surd reduced to its simplest form. 

The number 4 is the rational factor^ and V2 the surd factor, 

32. Sixnilar Surds are those which have or may be made to 
have the same surd factor. 

Thus V12 and V76 are similar surds, for they may be 
written 2/^3 and 5/v^3 respectively, when each has the same surd 

factor, viz., a/3. 

33. Similar surds (as like quantities) can evidently be added and 

expressed in one term. Thus 2 a/3 + 5 a/3 = 7 a/3. 

Dissimilar surds, however, cannot be so added and expressed 

in one term; 2 a/3 and 5 a/7 when added must be simply coupled 
together by the sign +9 thus 

2a/3+5a/7". 
The same applies evidently to subtraction. 

34. Surds should never he left in Denominators, 

A single example will show why not. 

/3 
Suppose we have to find —^ to 7 places of decimals. 

Then three processes are involved — 
(i) To find a/3: 

(ii) To find a/2: 
(iii) To divide the former by the latter. 

Now dividend and divisor each involve several places of 
decimals, and the division will be lengthy. 

B 
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But if we multiply N'^ and Z>^ by >y/2, so obtaining -^ ^ 

only two processes are involved — 

(i) To find V6. 
(ii) To divide the result by 2. 

Thus obtaining the required result with much less labour and 
with greater accuracy, because the divisor is not merely approxi- 
mate. 



35. It becomes then an important question what multiplier we 
are to employ in order to convert into rational quantities any 
surd quantities which may occur in denominators. 

It will depend entirely on the form of these surds. 



36. If the denominator consist of a single surd factor as in 

-J- we have obviously to multiply N'^ and D*" by the least 
power of b, which will make the index of the D^ divisible by n. 






37. If the D^ be of the form Va± ^/bit will evidently be 
rationalized by multiplying N^ and 2>^ by *Jazp js/b. In other 
words the rationalizing multiplier is the JD^ with the sign 
changed. The same clearly holds when the D^ is of the form 
adz /s/b. 

Thus 

1 _ V3+V2 _ V3+V2 _ ^ j^ 

V3- V2"( V3+ V2)( V3- V2)" 3-2 " ^"^"^ ^'^' 
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38. If the 2>* in the form Va+ 'sIh-\- ^. 

An example worked will sufficiently explain the method. 

1 i^fl+ /s/b— i^c 

V«+ V^+ Vc""( V«+ V^+ V^X V«+ V^- Vc) 

"■(a+2 ya6+&)-c"(a+&-c)+2 ^aft 

_ ( Vfl+ V^>- yc)(q+&-c-2 yfl^>) 

(a+&-c)*-.4a& 

39. If the 2>- be of the form a^^bK 
The minimiiTn rational product is clearly 

.*. the rationalizing multiplier is 

a^+ak^+ab+ah^+ah^+b\ 
Take a numerical example, 

(2 — 3 ) X wi is rational. Find the least value of m. 
Here the minimum rational product being 2*— 3', we have 
2*— 3^ u IP 1 u 

40. TTie iproduct of two dissimilar surds ccmnot he rational. 

If possible let aJx. >^y=m, a rational quantity, aJx and ^Jy 
being dissimilar surds ; 

m* m* 
X x^ ^ 

.'. i^^ may be made to have the same surd factor as f^x. 
.*. j^x and Ajy are similar surds. 
But by hyp. they are dissimilar, which is absurd. 
Therefore, etc. 
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41. A surd cannot equal the sum or difference of a rational 
quantity and a surd. 

If possible let ^Ja^xdz fjy ; 

/. a=^x^:iz2x ^fy^\•y ] 

.*. a surd = a rational quantity, whicli is absurd. 
Therefore, etc. 

42. A surd cannot equal the sum or difference of two dissimilar 
surds. 

If possible let >y/a= aJx± hjy^ where hjx and sjy are 
dissimilar surds ; 

.'. a=a:dz2 A/^+y; 

I — a-^x-^y 
... Va:2^=-^2~' 

•*. the product of two dissimilar surds is rational 

But this is impossible (40). 
Therefore, etc. 

43. If a rational quantity and a surd are equal to a 
rational quantity and a surd, the rational parts are equal 
and the surd parts equal. 

For let a+ Ajb=x+ sjy ; 

.', unless «— a=0, we should have a surd equal to a rational 
quantity and a surd. 

But this is impossible (41) ; 

.*. «— a'=:0; .*. x=a \ 
whence ^b= js/y ) 

44. If VaHh7^= V^+ Vy> ^^^^ ^^ 

Va— f^b= aJx— hjy. 
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For since V«+ V^= V^+ Vy ^ 

and Vl=2 Vi } 0>^ 43) ; 

.\ Va— V^= V«— V^ 

45. The following is an application of the preceding theorem. 
Find V4+2 V3. 

Let V4+2 V3= Va^+ V!y, .... (i). 
.'. V4— 2 >y/3= V^— Vy> .... (ii). 
.*. squaring (i) and equating rational parts, we have 

a;+y=4, .... (iii). 
Again, multiplying (i) and (ii) together, we have 

a:-y= Vl6-12= ^4=2, .. . (iv), 
whence from (iii) and (iv) a;=3, and y=l; 

.-. V4+2V3= V3+1. 

46. If we had had to find Va— fjh we should have assumed 
this equal to VflJ— Vy, and then have written down 

Va+ V*= V^+ Vi^- 
From this it appears that x-^y is in either case equal to 

^/a*—b. Hence the root cannot he found in the required form 
unless (a*^b) is a perfect square, 

47. If V«+ \/b=x+ Vy^ then will V^— /Jb=x— aJi/. 
(Notice the different assumptions in 44 and 47.) 

For since ^a+ ^b=^x+ V^; 

.•. cubing a+ V^= x^+Sx^ fs/y+^xy+y ^jy ; 
.'. equating rational and surd parts, 
a=a5^4-3a;y, 
and isJb-=^Zx^ isly-^-y hjy\ 
.-. a— V^=aj8 — 3a;Vy+3i«3^— y islv \ 



.-. IJa^ ^b=^x-^ /s/y. 
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48. To find v^a+~^in the form «+ ^Jy, 

Since ^a+ ^h=x-\- >^/y, . . (i), 

.'. ^/a— fjh=x— hjy^ , . (ii). 
Cubing (i) and equating rational parts, we have 

x^+^icy=a, 
and multiplying (i) and (ii), we have 

ic«— y= ^/a^—b^ >v5*> say 

.-. y=x'—p. 
Hence x* + 3a;(a;* — p) = a, 

a cubic to be solved by trial. Now x being thus formed, and 
y being already known in terms of a, we have x+ a/^ the 
root required. 

Note, a*— ft in this case must he a perfect cvhe or the root 
cannot he found in the assumed foimi. 

Example. Find ^/10+6V3. 

Let 4/10+6 V3=aj+Vy) . . (i), 



Bt VlO+t)V3=aJ+ Vy) 
.-. >v/10-6V3=a;- Vyj 



(ii), 

Hence a;»+3a;y=10, .... (iii), 
and jc«-y= Vl00-108=-2; 

.-. from (iii) ic»+3a;(aj»+2)=10 ; 
.-. 4aj»+6a;=10; 
.'. by trial x=\, 
whence y=3; 

.-. «+ Vy=i+ V3. 
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EQUATIONS. 

49. A dm/ph eguaiion cannot have more than one root. 

For if possible let the general simple equation ax+b=iO have 
two roots, viz., a and ft. 

Then aa+ft=0, and al3+b=0 ; 

.-. a(a— j8)=0; 
.'. either a=0 or a— ^=0. 
Now a cannot = or 5 would also = 0, and the expression 
aaj+6=0 would not be an equation but an identity 0+0=0; 

/. a-i8=0; 
a=j8. 

Therefore there cannot be two different roots of a simple 
equation. In other words, a simple equation cannot have more 
than one root. 



50. We shall presume on the student's knowledge of the 
ordinary methods of solving simple simultaneous equations of 
two or more imknowns. The following two sections will indi- 
cate methods of solution with which he may be unacquainted. 



51. If aiX+biy+CiZ=::0 ) (i), 

and aiX+b3y+CiZ=^0 j (ii), 

X _ y _ z 



then will r 1 — — r r 

OiCj— OjCi Cittj — (^ijOii aiO^—a%Oi 

For multiplying (i) by c, and (ii) by Cj and subtracting, we 

obtain (cjaj— Ciaa)«+(iiC2— 62Ci)y=0 ; 

.'. (^ic,— 6,Ci)y=(cia2— c,ai)a;, 

X y 
whence £ 7 — = • Similarly either of these 

may be proved, equal to the third fraction. 
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Example, Solve aa:+2>y+c2=0 "N . . . (i), 

a;+y + ^=0 / (ii), 

From (i) and (ii) 

x_ y z 

h—c c^a a^b 

. '. moltiplyiDg (iii) by either of these fractions inverted, we 
have 

1+1+1=^^ 

ft— (? c—a _ a—b 

.*. ic=— Q— , so y=— Q— , and 2J= — q-* 



52. To solve simultaneous equations of three unknowns by 
means of arbitrary multipliers. 

Let the equations be 

aiX+biy+CiZ=di, . . . (i), 

a^x+b^y+c^z^dt, . . (ii), 

a^x+b^y+c^z^zds, . . . (iii). 
Multiply (i) by Z, (ii) by m, (iii) by n, and add ; 
•'• Q(^i +wia2 +nas)x+{lbi +7nbi +nb^)y-\'(lci+mc2 +ncz)z 

= Idi +mdi +ndt „ 
Now assume that lbi+mb^+nbs=0, 
and Ici + w?C2 + wc, = ; 

fejCg — ftjCa ZjgCi — ^iCg &1C2 — ^aCi' ' ^ ^^ » 

if we multiply the equations in order by ^/jCs— ftg^a, 
J3C1 — ^iCg, and &1C2— ftaCi, and add, our assumptions will be 
justified and the terms involving y and z will vanish. 
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Example, Find x from 
«+2y+32r=14, ft,C8-V2= (3.1)-(-1.4)= 7, 
2«+3^+42?=20, &8Ci-&iC8=(-1.3)- (2.1) = -5, 
aj-^ + 2;= 2, ftic,-&,ci= (2.4)- (3.3)=-l. 

Multiply in order by these and we have 

7fc+14y+21«= 98, 
-10a;-15y-202=-100, 

-«+y-'2^=- 2; 
.•. — 4ar=— 4; .*. aj=l. 

53. A guadratic cannot have more than tvm roots. 

For let the general quadratic be ax*+bx+c=Oj and if 
possible let it have three roots a, /^,y ; 

.'. aa^+ba+c=Oj 
aP^+bfi+c=0, 
ay*+hy+c=0, 
r. a(a«-^«)+2^(a-/?)=0; 
.-. a{a+P)+b=0. 
So a{a+y) + b=0; 

.-. o(^-7)=0. 

/. either a=0 or (j8— y)=0, but a cannot = or the 
quadratic would degenerate into a simple equation ; 

/. ^-7=0; .-. P=y. 

/. There are not three diflferent roots. 
Therefore, etc. 

54. To solve the general quadratic, 

aic*+&a5+c=0, 

, . ^ c 

.-. a;*H — «= ; 

a a 

« . _ . . - . - _ ft*— 4ac 
.*. «* + 



a^"^\,2a/ "4a* a" 



4a^ 
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^2a 2a 

dz ^b^-^^ac — h 



• t vi/iZ!!: 



2a 

This method reduces the equation to the unity form, i.e. «' is 
made to have 1 for its coefficient, and then the square of half 
the coefficient of a? is added to both sides, so making the left- 
hand side a perfect square. 

By remembering the above formula, we write down the value 
of X at once. 

Thus 2a;«+ 3a;- 14=0; 

=tV9+112-3 =tll-3 



«= 



4 " 4 ' 

=2 or -3J. 

55. Consider the equation (a;— a) («—&)= 0. 

It is clear that if either factor =0 the equation is satisfied. 

But if a?— a=0, x=a, 

and if a;— &=0, x=b ; 

.*. a and b are the two roots of the equation. 

Hence it appears that when an equation can be factorized, the 
quantity on the right-hand side being 0, we shall obtain the 
roots required simply by putting each factor =0 ; and conversely 
if a;=a or a;=&, the equation is (aj— a)(aj— 6)=0. 

The same is obviously true for any number of roots. 

Thus the equation which has for its roots 0, 1, and —1 is 

x{x-l){x+l)=0. 

56. The method of factorization is extremely useful when the 
coefficient of x^ is large, 

e.g, 110aj«-21a;+l=0; 

.-. (lla;-l)(10a;-l)=0; 

1 1 

/. X = ^ or jg. 

If we had reduced the equation to the unity form we should 
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have ^'""TTa^^""!!?!) and then to each side we should have 



had to add 






When however the coefficient of «* is a square, some labour 
may be saved by proceeding as in the extraction of square root 
direct. Thus if 9a;« - 11a:- 364 = 0. 

Extract the square root of 9a:*— 11a;, 

11 
9a;«— lla;(3a;— g- 

9a;« 



6a;- ^ 



-11a; 



Y-^ j is wanting, so that we have 



/. the term +1 

13226 



.-, 3a;=21or- 



x= Tor 



6 
52 



9 



57. Whenever we can divide both sides of an equation by 
any quantity involving the unknown, we shall obtain a root 
or roots of the equation by putting this quantity equal to 
zero. 

For let the left-hand side of the equation be {x---a)Py and 
the right (a;— a)Q; 

.-. (a;-a)(P-Q)«=0; 
.*. a;— a=0 wiU give one root (55). 
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If the factor common to both sides of the equation had 
been a quadratic, we should have obtained two values for the 
4inknown, and generally the deg'^cee of the divisor will indicate the 
number of roots obtained by equating it to zero, 

58« We have thus pointed out three methods of solving a 

quadratic : — 

(i) The unity form method. 

(ii) Factorizing. 

(iii) Formula. 

69. To find {x—a^{x^a^){x—a^ , . . (x—an). 

By actual multiplication 

(«— ai)(aj— a2)=ic*— (ai+aa)ic+aiai 

Now, here four laws appear to hold : — 

(i) The highest index of x denoted by the number of factors. 

(ii) The indices of x decrease regularly by unity. 

(iii) The coefficients are 1, the sum of ai, a, . . . singly, 

the sum of their products, two together, 
the sum of their products, threie together, 
and so on. 

(iv) The signs are alternate. 



Now assvme these laws to hold for w — 1 1 factors. That is, let 
(a;— ai)(a?— a8)...(aj— an_i)=a;^i— (ai+aa+...+a«_x)a;"-* 

Multiply both sides by (x—a^, and we" have 
(«— aiXa— a8)...(a;— a„)=aj^— (ai+a2 + --«+««)aJ^~^ 

.-. If our assumed laws hold good for (n— 1) factors, so also 
do they hold good for n factors; but they are true for three 
factors ; therefore for four factors ; therefore for five factors ; 
and so by mathematical induction universally. 
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60. Ooxmexion between tlie coefficients of an equation 
and its roots. 

Let ai, a^, a^^ • • . On be the roots. 

.". the equation is (aj—ai)(a;—a2) . . . (aj— an)=0, 

+(-l)»(aia,...a„)=0. 

.'. The sum of the roots = coefficient of second highest power 
of X with sign changed. 

The sum of their products, two together, = coefficient of next 
highest power of x without sign changed. 

The sum of their products, three together, = coefficient of next 
highest power of x with sign changed ; 

and so on alternately in sign. 

Note. — The equation is in the unity form for this connexion 
to hold. 

61. We may easily prove the preceding theorem true in the 
special case of the quadratic aa;*4-^^+c=0. 

If a and j8 are the roots of this, we have 



a= 



i8= 



2a 
2a 



_ 25 h JO 4ac c 

The same results which obtain from the Theorem in 60. 

Problems on 60 are frequent. We append one. 
If a, j8, 7 are the roots of «*— ^aj^+ja;— ^==0. 

Prove a+i+^+|+y+i=2^*. 
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For since a+i8+7=|>, (i), 

a^+^y+7a=5, (ii), 

a^y=^, • (ill); 

.-. from (ii) and (iu) -+^+~=~; 

62. Since the roots of the quadratic a«'+2>ic+c=0 are 

dz V&*— 4ac— •& 
25 ' 

it is clear that the roots will be real and different, real and 
equal, or impossible, according as h^ is greater than, equal to, 
or less than 4ac. 

63. The following equations, in each of which there is some 
particular artifice, should be carefully observed. 

Homogeneous Equations. 

(i) «*+^«=13, «« +03^=10. 

Lety=tw; 

.-. a:*(l+i'*)=13, andaj*(l+i;)=10; 
l+i;*_13. 
l+v ""10' 

.-. 10+10i;*=13+13i;j 

.-. 10i;*-13t;-3=:0; 

.-. (6t;+l)(2t;-3)=0; 



. . 



Hence 



"=--5 <« 2 



a;* 
or 



l-i 1\ -.« 25.2 , 5 ,„ 1 ^ 



«'(l4"|)=10; .'. a;«=4; .-. a;=±2; .-. y=±3. 
2%ts method is useful when the equations are Homogeneous.' 
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Adding and Snlyferacting. 

.*. adding and subtracting, we have 

a;^+l _9 



.'. adding and subtracting again, 
Solving in Bedprocals. 



2aj« 10 ^__^ .J. r- 



(ii) a(aj+^)=icy, (i), 

%+^)=i^^» • . • • • (ii), 

c{z+x)=iZXj (iii). 

'* "^■^7^"^' dividing (i) by axt/, 

^+7=y » „ (ii) i>y ^^2?, 
Ill 

j+-=-, „ (iii) by c^x. 

. '. adding the first and third and subtracting the second of 
these 

2__1 1 l__ bc+ab—ac . 
x^ a c 6 "" abc 

__ 2abc 
"^bc^ca+ab 

2abc 
So by s^metry y= ^^_^^^_^^ > 

2abc 

and 2^ — ; — I — 7- • 
ca+ab^bc 
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A perfect square of ^+— l^ adding two. 
(iv) «*+l=0; 

.'. «'H — j=0, dividing by «* ; 



.-. «+|=± V2 ; 

.-. a;'±V2. «+l=0, 
which gives two quadratics which may be easily solved. 

Qnadratic in an expression. 

•C JO 

,4(..+l)+8(.+l)=37. 
Add 8 to both sides, and we have 

4(.+iJ+8(.+I)=45. 

Let x-\ — =1/ ; 
, a; *' 

.-. %«+8y-45=0; 

.-. (2y-5)(2y+9)=0; 

5 9 

.•y=2.or-^. 

1 6 

(i) Let«+— =-^; .-. 2fc«-5a;+2=0; 

.: (a;-2)(2a!-l)=0 ; .-. a;=2 or ^. 
(u) Leta;+-^=— |; .'. 2x'+9x+2=0 ; 

d=V81-16-9 



a;=' 



4 
V65-9 
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II 



Two heavy roots. 

(vi) VaJ»+4a;+13 + V«*+4a;-8=7. 

Now (aj«+4a;+13)-(a;3+4aj-8)=21, evidently; 
.'. dividing each side of this expression by the corre- 
sponding sides of the given equation, 

V«'+4a:+13— Vic«+4a;— 8=3; 
.'. adding this to the given equation 

2V«*+4a;+13=10; .-. Va;«+4a;+13=5. 
Therefore a;«+4a;— 12=0. 
Therefore (aj-2)(aj+6)=0. 
Therefore a; =2 or —6. 



Factori2diig. 



(vii) aj'— 3a:=a'H — i? 



a" 



=(„^ij-s(„4) 



Let a -I — =6 
a 

Whence aj'-3a;=6'-3J. 

Therefore ic3_58_3^^_5) . 



a;-.&=0. 



a;=6=aH — > 
a 



Therefore aj*+&a;+5*=3, a quadratic in ar, whence the 
two other roots may be found at once. 



Arbitrary Multipliers. 

(viii) X'\-y'\-z-\- . . . 
aX'\-hy'\-cz-\- . 
a*ar+2)«y+c«2 + 

• • • 



=1, 



c 
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Multiplying these in order, beginning from the bottom, by 
1, TTii, 77it, • • • ^n ^^^ adding, we obtain 
a;(a«+mja«-i+ . . . +Wn)+y(6**+mi6«-i+ . . . +w?n)+ . . • 

= (e?»+7WiC?^i+ . . . +w?„). 

Equate to zero the coefficients of all the unknowns except a;, 
and we obtain 

0*^+7^10**-^+ . . . '\'m^' 
Now consider the equation 

^+mi^-i+ . . . +mn=0. 
We Icnow that this is satisfied by each of the n quantities 
6, c, . . . for this we have assumed ; 

.*. ^+rwi^*^~*+ . . . +m„=(< — &)(^— c) ... to n factors, 

.-. £?**+77?j£?'»-^+ . . . +mn=(^— i)(^— c) ... „ 

and a**+mia"-*+ . . . +w„=(a— 5)(a— c) ... „ 

.^ ^ Ad^l){d^c) . . . 
(a— i)(a— c) . . . 

/ «— a \* __«• — 2aa;+ &»— &«+2a& — 6* 



\x—a] 

MS-:) 



a — 6 I a — b 

Note. — If we take the positive sign above we obtain no further 
value for x, as the equation then becomes a==& 
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(x) Symmetrical equations may often be solved by putting 
a5=j9+j and y=p^q. 

Sometimes it is convenient to find on/, yzj and zx; to 
multiply any two of these and divide by the third, so obtaining 
a;', y*, and z*. 

Sometimes it is advantageous to reduce a fraction into the 
mixed form. Thus, if we have for our equation 

1325+1 8^+5 _.^ 
wc may write 

, 13 43 
whence _= , 

aj— 1 ox+1 
and the solution is very easily effected. 

. Note. — In distance problems remember, 

rate X time = distance, 

, distance 

whence rate =—p > 

tmie 

- . distance 

and time = 1 — > 

rate 

and always be careful to specify the units of time and space. 



PROGRESSIONS. 

64. Quantities are said to be in arithmetical progression 
when they proceed by a common difference. 

Thus 1+4+7+ . . . are in a.p. with a common difference 3. 
The first term is denoted by a, the last by /, the number of 
terms by n, their sum by S, and their common difference by d. 
Observe, To find d write (second term) — (first term), 

or (third term) — (second term), 
and 80 on. 
Thus in the series -5-3-1+ . . . <f=-3-(— 5)=2. 
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65. Z=a+w— 1 \d. 

For since the series is a+(a+(?)+(a+2(?)+(a+3(?)+ . . . 
it is plain that each term is a+( )d^ and the blank bracket 
is all we have to fill up. 

Now the coefficient of d in any term is obviously one less than 
the number of that term. 

.'.in the nth term, which is the last, it will be (n— 1) ; 

/. l=a-\'{n—l)d. 

66. iS=(a+Z)-J = {2a+^r:r|(Z}|-- 

For S=a+(a+d)+{a+2d)+...+{l-2d)+{l-d)+l, 
and S=l+{l-d)+{l'-2d) + ...+{a+2d)+{a+d)+a; 

.'. 25=(a+Z)+(a+Z)+ . . . to n terms, 
= {a+l)n; 

7t ft 

67. To find a^+{a+d)^+(a+2d)*+ . . . +{a+(n-l>Z}*.i 

Let a=-4j, a+(Z=-4, . . . a+(n— l)cZ=-4,i, 
andletiS^=Ji*+^2*+^8*+ . . . +A«. - - 
Now ^2'-^i'=(-4i+cZ)»-^i»=3^i*cZ+3^,5*+(?', 

.*. adding, we obtain 

^Vi-^'i=3^iSf+3(Z*(Ji+^,+ . . . +,4„)+n(Pj 

... (a+n(Z)»-a'=3(ZiS'+3e?*{2a+(n-l)£?}-|+wrf», 
whence on reduction, 

5=na{«+(n-l)d}+-g-(n-l)(2n-l) 
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COP. I.+2.+3.+ . . . +„.="<''+lH2'*+l). 
For writing a=l and d=\ in the former result, we have 
n{l+(n-l)} + -g-(n-l)(2n-l), 

=n«+-J(n-l)}(2n-l) = J(6n+2n*-3n+l), 

= -J<2n«+3n+l)=-i<n+lX2n+l). 



68. To find the sum to n terms of a series the rth 
term of which, arar+i(ir-\.i • • • cir+s-i consists of s factors 
in AJ". 

Let d be the common difiference of the factors ; 

.-. flr+s— ar-i=(«+l>^; 

•• {s+lyi -^- 

XT ^^S+l-~^0 

-WOW ai(i%.»Ms=^CLiai,,.asy^ / ", 1 w 



JjTence <^ rwZc. — For N'^ take the last term with one factor 
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added to the end— the first term with one factor added to the 
beginning. 

For 2)^ take one more than the number of factors in each 
term multiplied by the common difference. 

69. Ex, (i) 1.4.7+4.7.10+ etc., to n terms, 

=0^(3n-2)(3n+l)(3n+4)(3w+7)-(-2).1.4.7}, 

= etc. 
Ex. (ii). Find 1+3+6+10+15+21+ . . . to n terms. 
This eeries =^{2+6+12+20+30+42+ . . . }, 

=J{1.2+2.3+3.4+15+ . . . +n(n+l)}, 

=J'^{n.(n+l)(n+2)-0.1.2}, 

_ n.(n+l)(n+2) 
■" 6 

Ex. (iii). Find 

1.2.n+2.3(n-l) + 3.4(n-.2)+ . . . +n(n+l).l. 

Let/{n)=1.2.n+2.3(n-l)+3.4(n-2)+ . . . ton terms; 

.-. /{n-l)=1.2.(n-l)+2.3(n-2) 

+3.4(n-3)+ . . . to (n-1) terms; 
••• /(n)-/(n-l)=1.2+2.3+ . . . +w(n+l), 

= J.n(n+l)(n+2). 

Put w=l, 2, 3, . . . successively, and we have 

y(l)-/(0)=i.l.2.3, 

/(2)-y(l)=i.2.3.4, 

A3)-/(2)=J.3.4.5, 

• * • . 

/(«)-yr«-i)=i«.(n+i)(«+2), 

whence adding and remembering <Aa</(0)=0, we have 

y(n)=J.i.«(n+l)(«+2)(n+3) 

_ «(«+l)(w +2)(n+3) 
~ 12 
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70. To And the sum to n terms of a series, the rth 
term of which has a denominator of s 

fEustors, themselves in A.P. 

Let d be the common difiference of the factors. 
Then ar+«-i— ar=(«— IM; 

*• {s-l)d ^' 

Now = y^r-T<j 

^—i-^ ?_l 






y ^n+«— 1 ^n 



^^!_\-A L_l. 

.'. adding we have 

s, ^—i-^ ^ I. 

Hence the rule, — Take away the last factor from the first 
term and the first factor from the last term, and divide the 
difference by one less than the number of factors in each term 
multiplied by the common difference. 

Example, 
1.3.5"*" 3.5.7^®^°-' *^^*®™^ ""2.2 1 1-3 (2«+l) (2/1+3) j ' 
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71. It will be observed in sections 68 and 70 that the 
first factor of any term is the second factor of the preceding one. 
By the simple artifice, however, of splitting up the nth term as 
in the following example into two others, such that the above 
condition is satisfied, we can apply the formula in some other 
cases. 

" m, ,. 1 (7i + l)(n + 2) 

The nth term = —. — rQT=-7 — . i\/ . o\/ ■ o\ > 

n(n+3) n(n4-l)(n+2)(n+3) 

_ (n«+3n)+2 
n(n+l)(n+2)(n+3)' 

1^2- 



(n+l)(n+2)^n(n+l)(n+2)(n+3) 

• • ^"1.1 \ 2 n+2 j ^3.1 \ 1.2.3 (n+l)(n+2)(n+3) ( 
= etc. 
CoE. Hence the sum ad inf., =J+^=^. 

72. Quantities are said to be in Geometric Progression when 
they proceed by a common ratio. 

Thus 1+3+9+ ... are in g.p., and the common ratio 
r=3. 

The typical series is a +ar+ar*+ ar»+ . . . 



73. Z=ar»»-». 

For the index of r in any term being one less than the 
number of that term, it is plain that the nth term is ar^~^ ; 
.♦. i(=ar**-i, for I is the nth term. 



74. 5=-i T^= r- 
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For S^a'\'ar'{-ar^+ . . . '\-ar'^^', 
.*. rS=' ar-\-ar*-\- . . . +ar^~^+ar'*; 

-^ofe. — If r be < 1 it will be convenient to employ for S the 

- a(l— r*) a-'vl 

fonns -Ai ^=-= 

1— r 1— r 

75. The sum of a Greometric series, ad inf. Notion of a Limit. 

(i) If r be >1 or if r=l,' the sum is evidently 

infinite, 
(ii) If r be <1. 

Then there is some quantity, called the Limit, which the 
series approaches nearer and nearer as we increase the number 
of terms taken, which it never quite reaches, but from which it 
may be made to dififer as little as we please by sufficiently 
increasing the number of terms. 

Thus the limit of l+J+i+J+ . . . ad in/.=:2. 

Now it is plain that the more terms we take the nearer it 
approaches to 2. 

For the first term falls short of 2 by 1, 

1 



the sum of the first two terms 


» 


2' 


„ three 


j> 


1 
2«' 


)) n 


>> 


1 



Therefore the sum never reaches 2, and yet since we may 

make -^^^ as small as we please by sufficiently increasing n, 

it may be made to differ from 2 as little as we. please ; 

.*. 2 is the limit of the series. 

Note, — A proper fraction raised to an infinite power has for 
its limit 
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76. To find a-^-ar-^-ar^-^- . . , ad inf,y r being a proper 
fraction. 

Denote the sum by 2) ; 

.•.2= the limit of — ^ when n is made infinite, 

1— r ' 



.-. 2= 



/. but then r^ has for its limit ; 
a 



1-r 

Eecurring decimals are in reality g.s. ad inf, 

• 22 
For •2=Jq+Jqq+ • • • odinf' 

10 2 



19 



10 



77. Def. Quantities a, b, c, d, . . , are said to be in Harmonic 
progression when a :c iia—h ib—c, and so on. 

78. The reciprocals of quantities in u.p. are in a.p. 

For let ahc be in h.p. ; 

/. a:c : :a— 6: 6— c; 
.'. ah'-ac=ac—bc ; 

.-. 7- 5-=-5~~ , dividing by abc ; 

111 
.-. -, J, -,areinA.P. 

This leads to the following practical rule. In dealing with 
quantities in h.p., convert them into their reciprocals, work in 
A.P., and then reconvert. 

Observe. — This cannot however be applied to find the sum 
of any number of quantities in h.p., for their sum is not the 

reciprocal of the sum of their reciprocals, e.g. 2-|-4 is not jrri • 
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79. Tlie A.G. and h. means between a and h. 

(i) Let a;=the A.M. ; .*. a— a=ft— a; .*. 2x=a+h; 

X h 
(ii) Let a;=the G.M. ; .•. — =— ; .'. x*=ah; 



a X 



/. «= Va^. 



(iii) Let a;=the h.m. ; .•.—,—, -r , are in a.p. 
1111 2 1.1 a+h 



• • 



a;a6a;' ' ' x a h ah ^ 

2ah 



x=- 



a+b 

80. To insert n a.m. between a and 2>. 

, b — a 
Since here b=:a+{n+l)d ; .'. ^="771 > 

.*. the n means are 

, b—a , 2b— 2a , nft— na 

which become on simplifying 

na+b (n— l)a+26 a+nb 

^TfT' ^hTI * ' ' n+T' 

The coefficients of a in the numerators regularly decreasing by 
1 and the coefficients of b similarly increasing, 

81. To insert n h.m. between a and 5. 
Since here 

. •. the reciprocals of the required means are 

1 a— 6 1 2a— 2b 1^ na—nb 

■^■'■fl6(H^l) ' "^■*"fl6(n+l) • * • ■^"^a5(ir+l)* 
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These become on simplifying, 

n5+rt (n— l)6+2a ft+na 

a6(n+l) ' ~S6(n+l) * ' ' 55(^^1) ' 

.'. the H.M. required are 

a6( yi+l) ah{n+ l) ab{n+l) 

nb-\'a ' (n— l)6+2a ' * * 6+wa 

The coefficients of h in the Z)^ regularly decreasing by 1, and 
the coefficients of a similarly increasing. 

82. The following are a few examples in series : — 
(i) n A.M., n O.M., and n n.M. are inserted between a and 5; 
show that the product of the n o.m. is a geometrical mean 
between the products of the n a.m. and the n h.m. 
Let a^a^ , , . cbn ^^ ^^ ^ a.m., 

Now gfiflTa . . . gn^ar.ar* . . . ar**r=a'*T^+*+ • • •+♦*, 

n(n+l) ^ 

h "<«+^ (h\L 

But since 6= ar^+* ; .-. r»*+*=— ; .'. r * = — ». 

.-. g,g, . . . 5r^=a«^- j«=(a5)^= V^ . (i). 
__ na+5 (n— l)a+6 a+n6 ^ ^^^ 

Now a,a, . . . ««=7^:j:i7 — ;rfT~" • • • M^i <>y ^^)» 

^rsi\hl I _ aKn+Vj ah[n+\) ah{n^\) 

andAA . . . ^n— ;,5:j:^ •(^.ijj^^ . • ^-^ij^ , (by 81), 

.*. ajO, . . . anX/^i^a . . . hn=^a'^b'^, .... (ii). 
Hence from (i), 

9i9i • • • S^n= V(«iaa • • • «n)X(^i^2 • • • K)* 

Q.E.D. 
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(ii) Prove that any even nun^ber of tenns of the series 

is equal to the latter half of these terms all taken positively. 
Letl?'(2a;)=l-J+4-i+ • • • "i^ • • W> 

and <^(2a:)=l+J+i+i+ • • • +^, • • (u) ; 

-{l+i+i+ • • • +^} ' 

.-. F{%c)=4>[2a)—<ti[x). Q.B.D. 

(iii) The mthterm of an a.p. is 3m +1. Find the sum of n 
terms. 

Since the with term =3m + l, 

we have by putting m=l, the first term =3.1+1=4, 
„ w=2, „ second =3.2+1=7, 

„ w=3, „ third =3.3+1 = 10; 

.*. the series is 4+7+10+ . . . 

... 5={8+(„-l)3}-J=^^^. 

(iv) a, 6, c, are in h.p., prove ^^ , ^ , ^^^^ , in h.p. 
Since a, 6, c, are in. h.p., 
.Iii 

a+6+c a-\-h'\'C a'\-h-{'C 
a 6 c ' 

'_±£+l, £+^+1, i±?+., . . .., 



Z)+c c+a o+^ 



a ' 6 ' c 



A.P. 
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a b c 

•'• hJ^c ' ^+^ ' ^+6 ' • • °-^- ^ 

(v) The sum of m tenns of an a.p. is to the sum of n terms 
in the ratio m' : n^. Show that the mth term is to the nth in 
the ratio (2m— 1) : (2w— 1). 

For putting 7w=l and n=2 we have by question 

a 

.-. The series is a+3a+5a+ . . , 
.*. The wth term =(2w— l)a, 
and the nth term =(2n— l)a; 

/. the required result foUowa 

RATIO AND PROPORTION. 

83. Ratio is the mutual relation of two quantities of the 

same kind, the one to the other with respect to quotity. 

a 
Hence a : h and -r- mean the same thing. 

The first term of a ratio is called the antecedent, the second 
term the consequent. Thus the antecedent of a ratio is the N^ 
of a fraction, and the consequent of a ratio the D^ of a fraction. 

A ratio is said to be of greater or less inequality, or of equality, 
according as the antecedent is greater than, less than, or equal 
to the consequent. 

84. A ratio of greater inequality is diminished by adding the 
same quantity to each term of the ratio. 

Let -T- be a ratio of greater inequality, and let x be added to 
each term. 

if ah'\-hx<ah'\-aXj 
ifbx<aXy 

if h<a, which it is by Hyp. 

• . exc 
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Similarly, it may be shown that a ratio of less inequality is 
increased by adding the same quantity to each of its terms. 

85. Theory of Inconimensurables. 

Two quantities are said to be incommensurable when their 
ratio cannot be found exactly ; in other words, when there is no 
quantity, however small, which is exactly contained in both of 
them. 

Geometrical illustration — 



Let CD, ABh^ two incommensurable quantities, the former 
being divided into n equal parts, of which GF is one. Let each 
of these parts be denoted by a;; .•. GD^nx. 

Now since AB and GD are incommensurable, it follows that if 
we mark upon AB parts equal to GF beginning at ^, we shall 
find that GF does not measure ABy but that beyond the last 
division Q there will be a remainder QB^ and that such a 
remainder will exist however small we make x. 

Now let AQ=mx\ .\ AB lies between mx and (m+l)x. 
The ratio of the commensurable quantities AQ, GD can be found 

exactly j — j — that of the incommensurable quantities AB, GD 
cannot. All we know of it is that it lies between — and 



n n 



86. The ratio of a to 6 may, however, when these quantities 
are incommensurable, be approximated to as nearly as we please. 

For as m the preceding section -7;- lies between — and — — ; 

m a m+1 . j* j r -^ j 

.'. — , J- , are in ascending order of magnitude ; 

.'. -T- differs from — by less than — , and by sufficiently increas- 
ing n and diminishing x^ this may clearly be made as small as 
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(I c 

87. If -r and -j , two incommensurable ratios, both lie between 

m - m+1 , _ 

— and , they are equal. 

For their difference < — which can be made less than any 
assignable quantity. 

88. Proportion is the equality of ratios. 

Since ratios must involve quantities of the same kind, it 
follows that the first and second terms of a proportion must be of 
the same kind ; as also the third and fourth terms — though, of 
course, it is not necessary that the first pair should be of the 
same kind as the second pair. 

The usual definitions of proportion are — 

Algebraical. — Four quantities are said to be proportional 
when the first is the same multiple or sub-multiple of the 
second as the third is of the fourth. 

(Geometrical. — Four quantities are said to be proportional 
when any equi-multiples of the first and third being 
taken, and likewise of the second and fourth, it is found 
that if the multiple of the first be greater than the 
multiple of the second, the multiple of the third is greater 
than that of the fourth ; if equal, equal \ and if less, less. 

89. If four quantities be proportional according to the alge- 
braical definition, so are they according to the a. definition. 

ft /» 
By Hyp. 't'=^~i t a, 6, c, cZ, being the four quantities, 

, m m 

and — = — ; 
n n 

. ma mc 
nb '~ nd 

,\ if ma>nb, mc is >nrf, if equal, equal; and if less, less. 
Therefore, etc. 
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90. If four quantities be proportional according to the 
geometrical definition, so are they according to the alge- 
braical definition. 

CL C 

(i) Let -r and — be commensurable fractions. 

Now by Hyp. ?wa>= or <w& according as W2c>= or 

Take m, n, such that ma-=nb (this can always be done) ; 

h m d 

CL C 

(ii) Let J- and -r be incommensurable fractions. 

Here we cannot take m and n, such that ma=nh ; 
but we can take them such that 

ma lies between nb and (n+l)b ; 

.•. mc „ nd „ (n+l)d; 

.*. -J- and -J each lie between — and ; 

d mm 

a _c 

''"h-~d^ • 



(87). 



VARIATION. 

91. DefiBr — (i) X is said to vary as y directly, when if a: be 
changed to «', y is consequently changed to y\ in such a way that 

x:x' ::y ly'. 

(ii) X is said to vary as y inversely, when if a; be changed to 
a;', y is consequently changed to y\ in such a way that 

x:x : : — : — ? • 
D 
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(iii) X is said to vary as yz jovntly^ when if a; be changed to 
x\ y is consequendy changed to y'^ and z to x^,m such a way that 

x:x' : :yz : y'z'. 

In case (i) it appears that ~=^' 
(ii) » xy=x'y\ 

(m) „ — =-7-/' 

Hence we have the following simpler definitions : — 

(i) X varies as y directly, when however x and y are 

changed their ratio is constant, 
(ii) X varies as y inversely, when however x and y are 
changed their product is constant, 
(iii) aj varies as y and 2 jointly, when however much sc, y, and 
2r are changed, the ratio of the first to the product of 
the other two is constant. 

Hence if 0:00 y , x=my, where m is constant, 

1 
ajQO-, xy=m, „ 

xco yz, x—myz, „ 

It thus appears that variations may be turned into equations 
and worked as equations. This is of great importance, as it is 
the method of dealing with almost all questions in variations. 

92. If XQoy when z is constant, and oo z when y is constant, 
then xooyz when both vary. 

For owing to the change of y into y\ let x become of' ; and 
owing to the change of z into z\ let of become x^ ; 

.*. x :x" : :y : y\ 
and oi' ',x* \\z \z* \ 
,\ xy? : a/'a;' ',\yz\ yV; 

.*. X :x! ;yz : yV; ■ 
,•. xcoyz. 
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93. The following examples will illustrate the manner of 
working variations : — 

(i) y*oo X and when a;=a, y=2a. Find the equation between 

X and y. 
Since y*QO x\ .*. y^^=mx^ where m is constant. 
But a;=a, y=2a, satisfy this; .*. 4a^ = w.a. ; 

.\ m=4a; .'. the required equation is y*=4aa;. 

(ii) y is equal to the sum of two quantities, one of which varies 
as «, and the other as x inversely; when «=!, ^=6, 
and when a;=3, y=7. Find the equation between a; 
and y. 

By question y=^mx+— ^ where m and n are constant. 

X 

Hence 5=7n+w. 

and 7=3m+-o-; .'• 21=9m+w. 

Hence 16= 8m; .*. m=2, whence w=3, 
and the required equation is 

Generally the method is this : Write down the variation as 
an equation with undetermined constants. Contemporaneous 
values of the variables will be given, by means of which the con- 
stants may be determined. Then, finally, write down the 
equation with the determined instead of the undetermined 
constants. 

(iii) The cost of each copy of a work, -4, varies as the square 
root of the number of copies in the edition, and of another work. 
By as the cube root of the number of copies in the edition. If an 
edition of a of the former and 6 of the latter be printed, the cost 
of two copies (one of each) is £c, and also d of the former cost as 
much as e of the latter. Find the cost of a copy of each in 
those editions. 
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By question, 

cost of one copy of -4 = m \/a^ where m is constant, 
„ B= n fjh^ where n is constant. 

Hence mcr+rib =c, . . . . . . (i), 

and mda '~'neb^=0, (ii) ; 

. •. multiplying (i) by e and adding (ii), 



ce 



ma*(£?+e)=ce j .*. w=-t 

a\d+e) 

Again, multiplying (i) by d and subtracting, 

nh\d-{'e)=cd ; 7i=— r 



b\d+e) 
ce ^ ce 



.*. the cost of one copy of -4 = -r ^ ~TI~ » 

a^(jd+e) ^"1"^ 

and „ -5=-, .6'=-=-— 



PERMUTATIONS AND COMBINATIONS. 

94. By the permutations of any number of things is meant the 
different arrangements that can be made of them, with reference 
to the order in which they appear. 

Thus the number of permutations of three things taken two 
together is six, viz., ai, &a, ac^ ca, he, ch. 

By the combinations of any number of things is meant, the 
different arrangements which can be made of them, without 
reference to the order in which they appear. 

Thus the number of combinations of three things, a, 5, c, two 
together, is three, viz., ab, be, ca. 

It will be seen from this that ab and ba are different per- 
mutations ; but inasmuch as they involve only the same letters, 
they are the same combinaticm. To make a different combina- 
tion there must be at least one letter different. 
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\ 



The number of permutations of n things r togethc 
by "^Fr — the number of combinations of n things r 



95. To find "^Pr. 

Let there be n quantities a, 5, c, . . . Remove one of them, a, 
and the number of permutations which we can form of the 
remaining (w— 1) quantities taken (r— 1) together is denoted 
by **~^Pr-i- And before each of these we can place a, so 
obtaining '*~^Pr_i permutations of n things r together, in which 
a stands first. Similarly there will "~^Pr-.i in which h stands 
first, and so for each of the n quantities. 

Hence **Pr= n x"""^Pr-i, 

■ r ^v ^ f by writing w— 1, r— 1 for 

so *»-iPr-i = (n-l) X»-«Pr-2i *• 1 

* ^ ' ( n,r respectively, 

and ♦»-«Pr-,=(n-2) X*»-»Pr-„ 

• • • • • 

♦»-»*+«P, = (n— r + 2) X'*-^+*Pi . 

.'. by multiplication, and remembering that "-^+^Pi=(n— r+1) 
obviously, we have 

»Pr=w(n-l)(n-2) . . . (n— r+1). 

Hence we see that *»Pa=n(w— 1), np^— .^y^_l^^yj__2), 

and so on. Also »*P„=w.n— 1 . . . 3.2.1 =|n. 

The symbol | n, denoting the product of the first n natural 
numbers, is read ^^factm^al n" 

96. To find ^Cr. 

Consider the n quantities a,h,c, , . . Eemove one of them, a, 
then ^^^Gr-i denotes the number of combinations which can be 
formed of the remaining (n— 1) quantities (r— 1) together, and 
in each of these a may be placed. Therefore the number of 
combinations of n things r together in which a appears is **'~^C7y«i , 

Similarly the number of combinations in which h appears is 
'*~^Cr-i, and so for each of the n quantities; btU since each 



\ 



c • 
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combination of r iMngs is thus repeated r times, it is plain tliat 
the number of combinations of n things r together is thus 

r 
Therefore •»(7^ = - X **"' ^r-i , 

„ ,^ n—l ^ n-2ri /writing n— 11 for n 
^—A ( andr— l|forr, 

. so n-^C.-.zzz'^ X "-a-., 






.'. by multiplication 



nQ _ n.n—l . . . n—r+2 n-r+iQ 
but '*"»'+^Ci=w— r+1, obviously; 



^ 71.71— 1 . . . n-'T+l h* 



\r \r\n — r 

This proof as independent of "P^ is the only practical one to 
write in examinations. If, however, the value of^Pr he assumed . 

np 

a very simple consideration will show that »*Ci.=-r-^, and so the 



r 

required value for ^Cr is found. The student should see this 
for himself. 

For every different group of r things, there must be a corre- 
sponding different group of (n-^r) things j 

. nfj —nn 

When r is more than half n this theorem may be advantageously 
used in finding ^Gf, 
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T. . . r, 10.9.8.7.6.5.4.3 . , . , , . 

For instance ^<>C8= 1934^678 ^^ which fraction 

10.9 
3.4.5.6.7.8 cancels, and the result ="t^* 

10.9 
But if we remember ^°C'8 = ^®i7j=-^j-^, the factors which 

cancel need wo< 5e written down^ and so labour is saved. 
Again, since ^Cr^^Cn^r, 

. nff^ — n/7 — «/7 — 1 

This result and also | 0=1 (which may be proved as follows), 
should be remembered, 

\n=n \n^l ; .'. |1=1 |1-1 ; /. |_0_=1. 

98. To find the number of permutations which can he formed 
out of n things taken all together, some of which are the sams. 

Let jp of the n things be a, g of them 6, r of them c, and so 
on, and let P be the required number of permutations. 

Change the p a's into different letters, and then eaxih one of 
the P permutations will give rise to \p permutations, and thus we 

shall have in all P\ p permutations. Similarly by changing the 
q b'& into different letters we shall obtain P|i> | g' permutations, 
until* at last when we have made all the letters different we 
obtain P|j?U|r . . . permutations. But when all the letters 

are different the number of permutations which can be made of 
them taken all together is | w; 

.-. P\p\q\r . . . =\n; 



. p^. _J — _ , 

\jp\q\r' 

99. To find the number of combinations which can be 
made of two sets of things, one of which contains m and 
the other n, one being taken out of each set for each 
combination. 

Clearly each of the m things will go with each of the n 
things, so forming mn different combinations. 
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So also if another set containing s things be introduced, the 
number of combinations that can be formed from the three sets, 
one being taken from each set, for each combination is mns. 
The same reasoning may be still further applied to more than 
three sets. 

100. To find the number of combinations which can be 
made out of two sets of things, one of which contains m 
things and the other n, 'p being taken out of the first and 
^ out of the second for each combination. 

Since the number of different parcels 'p together, taken from 
the first set is '^Cp , and g together taken from the second set is 
"Oq, and since each of the former will go with each of the latter, 
the number of combinations required is "*(7j,X*(7q. 

101. To find what value of r makes ^Cr a maximum. 



Oj.— 



and "(7r+i= 



r+1 



.-. ^Gr will be a maximum when —^ is first <1 ; 

.*. when n— r is first <r+l, 
„ w-1 „ <2r, 

71-1 

»' ^ » -^"2"* 

Note, — If n be an even number —^ will be fractional, and 
the integer next greater than this will be the value of r which 
makes ^Cr a maximum; but if n be odd ^— is integral. 

Then that integer and the integer next greater than it will give 
two values for r, whence two maxima will be found. 
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Eocample. — ^What value of r makes "Ci. a maximum ? 

n— 1 5 

— ^ =-^=2|^ ; .*, r=3 will make "Ci. a maximum. 

To make this still clearer to the mind of the student, we show 
the values of *(7i*(7j . . . 



« 6 

•o.= i 


=6, 


6 5 
•C7j— jX 2 


=15, 


6.5 4 
^'~1.2^ 3 


=20, 


6.5.4 3 
^*~1.2.3^^ 4 


=15, 


.^ 6.5.4.3^2 
'~ 1.2.3.4^^5 


=6, 


,^ 6.5.4.3.2 ^ 1 
•"1.2.3.4.5'^ 6 


=1. 



Each of these combinations it will be seen is formed by multi- 
plying the preceding one by a fraction^ and that this fraction 
continually decreases. As soon as it becomes <1, that is in 
•C4, where it is f, we have •Ci a proper fraction of 'Cg, and 
thus *(7, is the maximum required. 

Example 2. — ^What value of r makes *C>. a maximum ? 

Here -^^=2; .-. r=2, or r=3 wiU give maxima. 



2 



6.4.3 



.2 



^1- 1 , ^2-1 1 2 » ^»-1.2 1 3 ' ^* 1.2.3 .4 

Here ^C^—^C^=l(i, and after ^Cg the fraction mentioned 
above becomes < 1. 
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102. Sir Isaac Newton discovered that 

Proof.— 

(i) Let n be a positive integer. 

By writing —a, —J, — c ... for axa^a^ ... in 69 we 
have 
(a:+a)(a5+^)(i'5+c)... to n factors 

=af*+(a+&+...)a;«-i+(aft+&c+...)a^-2 + ... 

-\-clhc. . . to 71 factors. 

Let h=c=d= . . . =a. 

The left-hand side becomes (x+a)^. 

The coefficients of the right-hand side are 1, 
(a+a+a... to J^Ci terms) ="C7ia, 
(a«+a«+...to ^Oj terms) ='»CaaS 



the last term being ^GnO'^. 
Hence (aj+a)~=a^+*»Cia^-ia+~(7aa^-«a« + . . . +*»Cna^ 

Notice ; n denotes the number of factors^ and therefore must 
be a positive integer. 

This proof therefore will not hold when n is fractional or. 
negative. In these cases we give the following proof (Euler's) : — 

(ii) Let/(m)=l+ma;+ ■. ^ — «*+ ... for all values of m ; 



/(7t)=l+^a?+ 12 ^ '+ • • • 



,\ f{m)f{n)=l+ax+hx^+ . . . 
where a, b, c are quantities involving m and n. 

Now although by changing the values of m and n we change 
the values of a,b,Cj.,. still we cannot change the form in which 
m and ti enter into a, 2», c, . . . Hence if we can find this form in 
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any one case it will be the form universally. Take therefore tlie 
simplest case, viz., when m and n are positive integers. Now in 
this case /(m)= (!+«)'» and f{n)={l+x)'^] 

.'! f{m).f{n) = {l+x)^+^ 

The right-hand side is therefore the form universally. 

But this right-hand side =/(in+n) ; 

•'• y(^)/('*)=/(^+^) universally ; 
so /(^)/(w)/(i>)=/(^+^)/(p)=/(w*+^+jp), 
and so whatever be the number of factors. 

Now let each factor = / ( T ) ^-^^ ^®*' *^®^ number be A;, A and 

k being positive iutegers, so that t" ^s a positive fraction. 
Then 

/(i}/{i)"''" ^ ^^^^ors,=^(|.+|+...to A. terms) ; 
• • / (t ) ~^^)~(-'^+^)* ^or ^ is a positive integer ; 






which proves the Theorem for a fractional index. 
Again, since f{m'--n)f{n)=:f{m'^n-\-n)^f{rn) ; 

... f(m^n)-j^ , 
but/(m— w)=y(m)/(— 71), 
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.: /{-n)=J-,= 



)=(TW»=^'+^^""' 



/{n 
.-. (l+iB)-**=H— pa;+ ^j-^ -V+ . . . 

whicli proves the theorem for a negative index. 

Notice. — From the above it follows that/(7i)/'(— n) = l ; 

.'.f{n^n) = l; /. /(0)=1. 

103. The student may notice that in the proof for a positive 
index we took the binomial (x+a^ — ^but that in Euler's proof 
for a fractional and negative index we took^the binomial (1 +«)**, 
and he may possibly be inclined to suppose, that if we now 
assume the theorem for [a+x)^ when n is not a positive integer, 
that we are arguing from particular to general If he experi- 
ence this difl&culty he should observe that if 

X 

Then on writing — for x, 

(l+£)»=l+«(7..|+"<+...- ' 

\ a ) a a* 

.-. {a+xY=an+'*'C^a:^-^x+'^G^da'-^x''+ . . . 
So that the apparently simpler form includes the other also. 

104. It is thus established for all values of n that 

(1+»)^=1 +ya?+ ^2 ^ + 1.2,3 »' + ... (0; 

^ n . n(n— 1) 
.-. (l-a;)^=l~ja;+ ^^^ V 

n(7i— l)(w— 2) , , . - /..\ 
^^ — Y^ x^+... by writmg — « for x, (n). 
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(l+a;)-«= 1 -y^+-T^^^ 



7i(7i+l)(n+2) , f by writing -n for 1 

1X3 ^ ■^- t ^ in (i), J ^ ^' 

and (l-a;)-»=l+ya?+ ^ j^^ V 

y^(y^4-l)(n+2) f by writing -a; for ) 

■^ 1.2.3 ^+-\ ajin(iii), / ^'''^• 

The results are easily remembered, thus — 

If the signs of n and x are the same, the signs of all the terms 

are +. 
If they are different, the signs are alternately + and — . 
If the index is -\-j the factors in the numerators decrease in 

order. 
If the index is — , the factors increase in order. 

Also if 71 be a positive inieger we shall at last obtain a factor 
in the N'^, n-^n, which =0. 

Therefore the series will terminate. 

This can never be the case when n is negative or fractional. 
Hence in these instances the series will go on ad infinitum, 
and thus when x is >1 the expansions will be arithmeti- 
cally unintelligible. To this point, however, the student should 
recur after reading the chapter on the convergcncy or divergency 
of series. 

105. If we consider the identity 

It is evident — 

(i) That the general or (r+l)th term =^Gra^'^x^, 
(ii) That the number of terms ==(71 +1). 

For the index of x in any term shows how many terms 
precede it. Therefore since the index in the last 
term is n, there are n terms preceding the last, and 
thus altogether there are (^+1) terms. 
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(iii) The coefficients of terms equidistant from the beginning 
and end are equal. 
For the coefficient of the (r+l)tli term from the be- 
ginning is "^Ory and the coefficient of the (r+l)tli from 
the end is ^Cn-ri and these are equal by Art. 97- 

106. To find the toted number of combinations of n things ; 
in other words, to find the sum of all the coefficients in an 
expanded binomial, 

Put «=!, and we have 

*»C7i+«(73+ . . . +»»Cn=2'»-l. 

107. To find the numerically greatest term in {l+xy\ 

X being considered positive. 

(i) Let 91 Be a positive integer. 

Now the (r+l)th term=*»(7ra;»', and the rth term=^Cr-iJB^~*; 

.-. the (r+l)th term=the rth X , 

= the rth x(^^^^^^ 1F 

Now as r increases this multiplier diminishes, and the rth 
term will be a maximum when I 1 la; is first <1, which 

X 

condition reduces to, when r is first >(^+l)Tjrr ' 

Again, if r=(7i+l)T-r- , we should have I 1 te=l, 

and therefore there would be two equal maxima, viz., the rth 
and the (r+l)th terms. 

(ii) Let n be fractional. 

Then though the multiplier above decreases with r, it can 
never be numerically <qj, even when r is made infinitely great. 
Hence unless a; be < 1 no maximum exists. 

If, however, a; be <1 the previous result holds. 
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(iii) Let n be negative and =— tw, say. 
Then the (r+l)th term = the rthX ,x nwmericdlly^ 



=therthx[^^^+llc „ 



Here, too, though the multiplier decreases with r, it can never 
be made <a?, even when r is made infinitely great. Hence 
unless a? is < 1 no maximum term exists. K, however, x be 

<1, the rth term will be a maximum when f hi la? is first 

< 1, which becomes on reduction, when 

r is first greater than (m— l)tj • 

X 

' That is when r is first greater than (71+ 1) r* 

If this be integral as before, there will be two maxima. 
Example, (i) What term of (1+ J) is a maximum ? 

/ .IX ^ 6 2 6 15 

2 

.'. the first term is a maximum, 
(ii) Which term of (1+^)"* is a maximum? 

10 

.'. the ninth and tenth terms are maxima. 

108. To find the number of homogeneous products of r 
dimensions which can be made with the n things a, &, c, . . . 
and their powers. 

By actual Division, 

1 

, r=l+aa7+a*a72+ . . . 

1 — ox 
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^ =l+^>a7+i'a7*+ . . . 



1 
1 — ex 



= l+ca?+c*a7*+ . . . 



There being n rows. Hence by Multiplication, 

Therefore the coefficient of a?^ on the right-hand side is the 
sum of the homogeneous products of r dimensions formed with 
the given n things and their powers. 

Now let a=5=:c= . • . =1. This coefficient then becomes 
the nwrnher of such products ; and since the left-hand side 
becomes 

(l-a?)-^=:l+ya;+ ^Z ^ a?'+ ... 

n(n-|- 1).. .(7i-|-r — 1) 

+ \r~ ' 

we have by equating coefficients of x^^ 

. ... n(n4-l)(n+2)...(n+r-l) 
the required number = -^^ ^ j • 

109. To approximate to the root of a number by the Binomial 
Theorem. 

Example^ Find V34. 



•a:'-+,.. 



V34= V32+2= y32(l+ij=2(l+^) 

and by taking a few terms of this we shall obtain a tolerably 
close approximation. 
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110. To find the remainder after n terms of 

(i) (1-x)-. (ii) (1-:p)-. 

(i) (l-a?)-i = (l+a?+a7* + ...+a?*»-^)+a?'*+a?'»+* + ...a(Z inf. 
Hence if B, denote the remainder 

^=1?^' • • • (Art. 76). 

(ii) (l-a?)-«=(l+2a:+3a:«+ . . . +wa;«-i)+^. 
LetiS'=l+2a;+3a;2+ . . . +na7'»-i ; 
.'. a?5=a7+2a?*+ . . . +(n— l)a7*^-i+wa^ ; 
.-. 5(l-a;)=(l+a;+ . . . +a;«-i)— na;**; 

1—0? I 1— a: I 

1— a? ( 1— a: 1— a j 

1 — a: 1 1— a? j 



111. It should be carefully remembered that 
(1— a?)~*=l+a?+a?*+a?'+ . . . adinf, 
(l-a?)-«=l+2a7+3a;*+4a7»+ . . . 
. « . 3.4 , , 4.5 , . 6.6 



112. The following are a few problems which will be found 
suggestive :— 

(i) Prove 
{l+xY^=z{\+xY'\"^(X'\-x)^-\x+ ^j^-(l+sc)'*-"aj'+ . .. 

£ 
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The right-hand side 

=a+.)-{i+f(i|-.)+=^rf-.J+-}. 

= (1 +«)'»(1 +«)«= (1 +«)«« 

(ii) 1, a, ^, y, ... are the coefficients taken in order, in the 
expansion of (a+ft)**; prove that 

^■^"2''"'3'''"-~ n+1 ' 

i-L^-L^j. _■.,«, «(«-!) , n.(n- 1)(«-2) , 
''"2"'"'3'^ '^1.2''' 1.2.3 "^ 1.2.3.4 "*""" 

- ^ / /„4.ix+(^l>+MlM2rl}+ etc I 
-M^t<'*+^>+ [2^ ^ [3 +et«-]-, 

If ) 2»+»— 1 

(iii) Find l+.+(i+l^+(l+l)(l+-l )| 

0(2 tn/. the series being convergent 

The series may be written 
. . , n+1 a;« , (n+l)(7i+2)a;» . (n+l)(yi+2)(n+3)a^ . 

=x+^£)+=&j|l)(£)V=!=±»^)(£)-+... 
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(iv) If n he an even integer, jpiove 

- w(w— 1) w(w — l)(w— 2) , ^ n 

1— n+ — jg— ^^ — fyg -+ • • • ^^ 2" ^^^"^^ 

_(_j|+>»(n-l) . . . (1+1) 



n 
2" 



The sum to 2- terms s-^ {the sum of all the (n+1) terms}. 

— -^-fthe middle or { "o+l )th term}. 
Now the sum of all the (n+1). tenns =(1— 1)»»=0, 

n(n-l)...(-J+l) 



and the 



(i-') 



th term is (— 1) 



n 
2 



and 



-4 of this = W^ . ^ 1 . 



2" 



Therefore, etc. 

(V) Prove l+|+?!i?^)+2j!(2n+2)(2M:4)^ 



3.6 



3.6.9 



-<jn / 1 . ^ , w(w+l) . n{n+l)(n+2) . 1 
-^ -^ 1-1- g I- - 3 g -I-- g^g^g -I-...J. 

The left-hand side 
_.,n 2 . W.W-H / 2 V . w.(n-H)(»-t-2y 2 V, 

~ ■'■yj''' 1.2 A'3/''" 1:2:3 \S)^"' 

=('-r=(ir=*-=iir=Kir 
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\ ^) 1 ^1 3^ 1.2 3' 



«(w+l)(w+2) 
■*" 1.2.3 3 



=^"{l+l+=^+=n^H-...}. 



(vi) Find l+^ + j-^+ j^ 2 B^? "^'" ^ ^^-^^ 
This series 



=i4^- 



/2\ 2(2+^)/2Y 42'''^A2+^) /2Y • 



=('-ir=(^r=-^ 



(vii) Prove the sum (S) of the first (r+1) coefficients in the 
expansion of (1— 3?)-**=. ""■ » 






Multiply and equate coefficients of «*". 

That on the right-hand side is /S. 

That on the left is the coefficient of x^ in the expansion of 

But this IS 



r 
1 w.(w+l)(n+2) . . . (w+r) 



w.|r 
I n+r 
|n |r 
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(viii) If ri be a multiple of 3, prove that 



_(n-3)(.-4)(.-5)^ etc. - = (-!)«. 

1 is the coefficient of a^ in the expansion of (1— a;)"^ '\ 
-(n— 1) „ „ — aj«(l-«)-2 / seeArt. 



Hence if we denote the series given by S^ we have S = the 
coefficient of ^ in 

1 aj« a* 



• • • 



1 

^ ,. , . 1— a? 1 1+ic 

But this latter senes = ^= 2_ 3.4.^.2 =1^7^3 J 

.-. ig=the coefficient of a^ in (l+ic)(l +«»)-* 

= (l+aj)(l-aj«+a;«- . . . ), 
and 71 is a multiple of 3, 

5=(-l)n 

Note.—li n be of the form 3m+l, . . iS= (- !)**+', 
and if n be of the form 3m +2, . . 5=0. 

(ix) Prove that 

2** is the coefficient of aJ^ in the expansion of 2'*(1— «)-*, 
— (n— 1)2'*-* „ „ -2»»-«(l— a;)-«a;% 
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Hence if we denote the given series by 5, we have 

5= the coefficient of a^ in ^ /., r«+/T — v, 

1— a; (1— a;)^ (1— a;)» 

2»* 



But this latter series = , — =7q w=2«+«(2-a)-« 

and the coefficient of a^ in this 

.-. S=n+1. 
(x) Prove 

, (n— 3)(n— 2), , _pn+i_gn+i 

+^ — 1.2 — \p+^)'''Y2'-'"=^^^q— • 

Let S denote the given series, and for shortness denote 
ip+q) hjh • 

Hence as in the two preceding examples, 
S is the coefficient of a^ in the series 

r^ (l-aj)« + (!-«)» • • ' 

But this series 

1— a; A;»»+* A;» 



jp^a;« Aj«(l-ic)+jp2a;» /^ ^x .P^a' 



A;» 



■(i-?X'-t)' 
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'"{('-fFf)}' 



and the coefficient of o^ in this 






pn+i ^n+i 

(xi) jj/p fte ncarZy eqtud to q, show that 

F„ y|=(s±p)'=(i+a)'. 

Now since p is nearly equal ioq^p—qia very small, There- 

p — q 

fore neglecting highers powers of ^- — than the first, we have 






^+2q 

—Tq 

=— Xq^ • • • for p M nearly emud to q. 

_2p+g 
~l>+22 • ■ • 
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(xii) If / be integral part of (19+6 V10)« show that 1 
is of the form 20JEf+l or 20if— 3, according as n is even 
or odd. 

Let ^be the fractional part in (19+6 sl\^Y\ 
.-. /+i^=(19+6V10)«=(3+ Vl^)«« 

=3-+^.3--^10*+?!<2J^^ (i). 

Let r denote (3- VlO)«'*. 
,Then since (3+ >y/10)*»*>l obviously, 

and (3+ V10)«~(3- V10)*«=(9-10)«*»=l ; 
.'. i^' ts a proper fraction. 

Now ^=3'n-^.32n-i,io^4, ^^(^^~^) lO-...+10n (ii). 

The last term being +, since the number of terms (2w+l) 
is odd. 

Hence adding (i) and (ii), we have 

/+i?^+F=2{3««+10;?}, say, 
for all terms except the first contain 10. 

Now the' right-hand side being integral F+F'=^l ; 
/. /+l=2{(10-l)«+10p}; 

=2|l0«-pl0«->+...+(-l)«+10jp| ; 

.-. J+1 is of the form 2{10iJf+(-l)*»} ; 
/ is of the form 20ifer+2(-l)«-l, 

=20-3/+ 1 if n be even, 
or =20iMr— 3 if n be odd. 
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113. To find the term involving aPh'^c^ ... in the expansion 
of (a+5+c+ • . .)»». 
Let(^+c+ . . .)=y] .*. (a+fe+c-f . . .)"*=(a+^)'». 
Let j9=»2— s ; .*. the tenn involving a" is 

m(m-l) . . . (P+I K . 

\8_ ^^' 

where s is alvxiys a positive integer, but where the value of p 
depends on that of m. If m be a positive integer, so also is p) 
but not otherwise. 

(i) Let m be a positive integer. 

Then the term involving oF may be written 

I «^ y' 

^\p \s 



Now^=(6+c+ . . .y=:(z+hy say, and the term involving 
h^ in this is 

8(8^1) . . . (s-q+l) ^_^^^ 



q being always a positive, integer. 
Let 8— 2'= a and this becomes 

,\ the term involving c^b^ is I m,r— r— j— . 

*— i^ L? L? 

Similarly the term involving c^b^cT . . .is 

aP b^ cT 

— [P [g \s 

where m=:p+s=p+q+a=:p-{-q-{-r-{- . , . 
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(ii) Let m be njot a positive integer. 

Then all the reasoning above holds, except that in which we 
write 

m.(m— 1) . . . (p+1) _ l_j^ 
and the^term involving dF¥(f ... is therefore 

¥ e 

{m.(m-l) . . . (p+l)}.aPj^ |7 ' ' ' 
where p is not a positive integer^ hut q,r, ... are so restricted. 

From the preceding work it appears that 

c^ ¥ (^ 

where 2 denotes '' the sum of such things as." 



114. To find the number of terms in the expansion of 
(a+h'\-c-{- » , , to n terms)^. 

This is the same obviously as the number of homogeneous 
products of m dimensions, which can be formed of n quantities 
and their powers. 

Therefore the number of terms 

_ n(n+l)..^(n+m-l) ^ ^^^^^^^ 



115. Since (a+5+c+...)«»=2|m.j^ j^ p^... 

.-. (a+hx+cx' + ...r^^m^^ ^j^ ^•.. 

Hence we can pick out the term involving any power of ;e in 
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the expansion (05** say), for we have merely to make i>, ^f) ^, • • . 
satisfy the conditions 

2'+2r+ . . . =n, 

116. Eocamjples. 

(i) Find the term involving x* in (l+2a;+3a;')'. 



1 2' 3** 
Here the general term =1 5. j— . r- • ,— aJ*"*"*^; 

— 1^ k \z 



•=5/ . 



(i), 
and^+?+r=5J (ii). 

Now the values of p, 9, r, which satisfy these two equations 
are to be found in the following table : — 



p 


2 


r 


8 





2 


2 


2 


1 


1 

t 


4 






' Therefore the term required is 

, . f 1 3» 1 2« 3 , 1 2* ) 4 

l^ii;3-[2+l2-f2-Il+ri-i4-r 

= (90 + 120 + 80)ic* = 290a:*. 

Note, — In drawing up this table, consider from (i) what is the 
highest admissible value for r. Take q such that with this value 
(i) is satisfied, and finally take that value of jp, which, with the 
values of q and r already written dovm^ satisfies the equation (ii). 

Next make r one less, and proceed as before, and repeat the 
process as often as the equations admit of it. • 

(ii) Find the term involving x* in (a+bx+cx*) . 



The general term is 
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Here then 






i> 


9, 


r 


""^ 


1 
8 


1 




Hence the required term is 




1 
2 




-~ -~ 3 



aj* 



8 11 

2 2 2' 


a"*6c 
1 
2 



f 3&C 6» ) 




k-a 



rS&c 

iia 

The last step but one should be carefully noticed. 

(iii) Find the coefficient of «» in (a+fec+ca;*)" 
The general term is I -2j^ |-^ -^^^^ 

Here then q+2r=z 8, 
p+gr+r=— 2. 



p 


2 


r 


-4 
-5 


1 

3 


1 





Hence the term required is 
= { (-2)(-3)Lzd-^ 



+(-2)(-3)(-4)l--5 



_ f66c 46^\ , 



-6.|3a'i 



l«» 



a!' 
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117. 1iA'\-Bx-\-Cx'^'\- . . . =:a+5a;+ca;*+ . . . identicdly, 
then A=a, B=b, C=c . . . 
(i) Let A+Bx=a+bx ; 

.-. (i4-a)+(^-&)ic=0. 

Now unless A— a=0 and B—b=0, this is a simple equation 
which cannot be satisfied by more than one value of x. But by 
Hypothesis it is satisfied by any value of x\ 

.-. ^-a=0 and J5-ft=0, 
' whence A=a and B=b. 

(ii) Let A+Bx+Cx^=a+bx+cx* I 

.-. {A''a)+(B'-b)x+{C-x)x*=0. 

Now unless il— a=0, -8—6=0, and C— c=0, thb is a 
quadratic which cannot be satisfied by more than two values of 
X ; but this is contrary to the Hypothesis ; 

.-. iil— a=0, jB— 6=0, and (7— c=0; 

.-. il=a, J5=5, and (7=c. 

Similarly, the theorem may be demonstrated whatever be the 
number of terms taken. 

118. It may be thought that this reasoning fails when the 
number of terms taken on each side is infinitely great. For the 
coefficients (A— a), (JS—b) , . . have been equated to zero on 
the ground that by Hypothesis x has more valued than the 
degree of the equation warrants. Now if the degree of the 
equation be infinite^ how, it may be asked, can there be more 
values of x than the infinite number of roots given by such an 
equation. The answer is very simple. These roots are 
essentially dtscontiniLotis, though infinite in number : the values 
which X may receive according to the hypothesis are also infinite 
in number, but contintums. The infinitude in the latter case is 
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therefore much greater than in the former, and therefore ^the 
coefficients (il— a), (jB— 6) , . . must be severally zero as 
before. 

As an example of what. we mean by ''continuous/' and 
'' discontinuous/' we may remark that a piano is a discontinuous, 
a violin a continuous, instrument : between any two notes on 
the latter as the finger is passed al6ng the string there are 
infinite gradations, between two notes on the former there is 
nothing of the kind. 

119. ExaTTvple, 

Find l«+2*+3*+ . . . +n«. 

Letl*+2*+ . . . +n*=a+5n+cn«+c?n8+m* . . . 
.-. l*+2*+3*+...+(7i+l)«=a+6(n+l)+c(n+l)» 

+d(n+iy+e[n+lY + ... 
.-. n«+2n+lx=:3(fn*+(2c+3(f)n+(6+c+c?)w, by subtraction, 
for it is plain that e/* ... are severally 0, as there is no term 
involving n^n^ ... on the left-hand side. 

Hence 3d[=l, 2c+3c?=2, and 6+c+rf=l ; 
,-. cf=j[^=c=}, and &=J. Also by putting n=0 in the 
original assumption we obtain a=0 ; 

^. ^. n ,n^ ^n* n l+87i+2n«) 

n(n+l)(2n+l) . .^ n^ n 
= -^ — ■ — ^ , as m Art. 67, Cob. 

An examination of this example shows that in our. series 
we need not have written down any term not involving 
n, for by putting n=0 it is seen that this term vanishes. 

Moreover, we need not have taken terms beyond dri}, 
so for l*+2'+ . . . +n« we need not proceed beyond cw*, 
and generally for l*'+2^+ . . . +n^ we need not proceed 
beyond <n^+^ 
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By exactly the same metliod as above we can prove that 
l'+2»+ . . . +n»= I '?i!*±ll I *=(l+2+3+ . . . +»)•• 

Both of thesb examples are however merely partictilar cases 
of the more general problem which we discuss in the next 
section. 

120. To find (l''+2^+3'-+ . . . +n^). 

Let V'+2r+...+nT=iao'nr+^+ainr+ain'^-^+...+arn ; 

=:ao(n+iy+^+a^{n+iy+a,(n+lY-i+...+ar{n+l)', 

.'. by subtraction 
^ , r , . , r(r— l)...(r— s+1) 



f (r4-l)r r 1 



/ (r+l)r...(r-s+l) , ^ r...(r-8+l) 



, (r-l)...(r-s+l) , , r-8+1 ) 
Hence equating coefficients we have 0©= "nn" ' ^^"12' ^^^ 



,r |r — 1 



s+l|r-s^2|s|r-8^ *|s-l 



r— « 



,r— 5+1 !r 

.'. Multiplying by | r— s and bringing all the terms to the left- 
hand side we obtain 

k [r ^ ga|r-l q,|r-2 gg|r-8+l 
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In this put 8=2, 3, 4, . . . successively, and we obtain 

T T V 

rQ"""oT2 "^^*^^' whence ^«— o^ » 



r(r— 1) r(r— 1) r.(r— 1) , ^ , 

— M 2T3 — ~3 4 I 2 "T"^»~^) whence a8=U. 

Similarly we may show that ^4 = ""qa > 05= 0, and so on for 
each of the coefficients. 

Cor. Sincel'-+2'-+...+«'-=nr+.|-l_+J+?!+...| J 

.'. r being finite, and so also a^a^ ... we have the limit of 

1^+2^+ . . . +n^ 1 . , . . ., 
-^q:^ =-7^ when n is made infinite. 

121. The following is another typical example of the use of 
indeterminate coefficients. « 

Given y=^x — o +"5 "~ • • • express x in terms of y. 

In this if we write —a; for x we obtain — y, hence we must 
ajsswmefoT x svxih a series that if we write — y for y we obtain 
—x. That is, we must assume 

xz=ay+by^+cf+ .... 

... _|=_^_a^V- . . . 



6 



5" 5^ 



... 



Therefore by addition we have 
whence equating coefficients we have 



2 



.-. a=l, 5= J, c=Yy . . 



v* 2v^ 

••• «'=y+f +iS+ • • • 

This process is sometimes called '^ reverting the series.^' 
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122. Let ^;— ( be a fraction, the numerator of which is of 

lower dimensions than the denominator. 

Let i?'(a;)=(a?-a)(a?-.&)^(a7*+cir+<?)(a?«+ca:+/)«. Whence 
if F{p^ be of n dimensions, we have 

l+jp+24.22=n. 

f(x) 
Then ^^ may be expressed as the sum or difference of a 

number of fractions called its Partial Fbaotions, by the method 

of Indeterminate Coefficients. 

The assumptions to be made are as follows : — 

For every factor of the first degree, say (x—d) assume a fraction 

A 

— ^— ^— . • 

a?— a 

For every factor of the first degree repeated j say (a?— by assume 
a series of fractions 

t"/ i\i I • •' • "T 



(x-b) ' (x-by • • • • ^ (x"by 

For every factor of the second degree, say (x^+cx+d) assume 
a fraction 

Cx+D 



x*+cx+d^ 

and for every factor of the second degree repeated, say 
(a;*+ac+/)« assume a series of fractions, 

x^+ex+rix'+ex+fy^ ' * * '^(x'+ex+f)^* 

The reasons for these assumptions the student will easily see 
for himself. 

F 
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We subjoin a few examples to show the method of working, 
which is always tolerably simple. 

(i) Separate / ^ w __j,v into partial fractions. 

1 -4 , J5 

Let /„ x/^ ^x -TT—A 



.-. l=il(a;-6)+J?(a;-a). 

Put x^a and we have il= ? ; 

a — o 



1 1 



Hence 



(»— a)(a;— &) (a— &)(«— a) (a— 6)(a;— 6) 



(ii) Separate ,/ , -.v into partial fractions. 

^®* a;»(a;+l) "■»"*■«« "^a;+l' 
.-. — ^ = a+(a:+l)j^+^|, 
puta:= — 1; .*. C=3 ; 

^ 5_«*--£+l 3_ 

"^^^ 

whence ^=1 and il=— 2 by equating coefficients ; 

a;«.-a?+l _ 3 2^ . _1 
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(iii) Separate , , , into partial fractions. 

Let .„ . ..J „ . .. =:4.4 ^'^"^^ 



Put «= —a ; /. -4=01 5 



»«— aa;+a« . ic»+a« 3a«(a;+a) 3a^(a;»+a») 

__2g*+aa;— a;*_ (2a— a;)(q+a;) _ 2a— « 

"" 3a^(a:«+a») "" 3a*(a;»+a») ■"3a«(a;«— aa;+a«) ' 

whence by equating coefficients we obtain 

^=-.^,andC=|j. 

Thus ^ ^ ^"2« 



aj»+a» 3a*(a;+a) 3a*(ic«— oic+a') 

AUter, — B and C7 might have been found first, however, 
thus: — 

Since 1 ^ Bx+C A , 

(x+djix^'-ax+a*) «*— oaj+a* a+o* 

1 

••• ^^=={Bx+C)+{x^^ax+a'){eio.). 

Put 35" =035— a*, and we have 

l=(J?aj+(7)(a;+a)=J?a;*+ae+aJ5a;+a(7, 

=B{ax—a*)+Ox+aBx+aCy 
= (a+ 2aJ?)a;+ (aC- a*B). 

This is true whenever x'ssoic— a', that is for <t<;o different 
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values of x, although it appears to be a simple equation, /. it 
is really an identity, whence by equating coefficients 

C7+2a5=0 and aC-a^B^l, 

and from these we obtain 

1 2a 

£=-3^. and C=3p«« before. 

(iv) Separate / «j.iw ^lu ^^^ partial fractions. 

Let 
. aj+2 Ax+B CD E 



{x^+\)(x^iy aj*+i ^ [x-iy^ {x--iy^ x-i ' 

.-. a;+2=(i4iB+-B)(a;-l)» + 

{C+D{x--l)+E{x-^\Y\{x-+l), . (i). 

Let a;— 1=A ; /. x=\+h and we have 

^-\-h={Ax+B)h^+{C-{'Dh-\-Eh^){2+2h+h^), 
Now equate coefficients of the same powers of h^ and 

2(7=3; .-. (7=1, 

2C+2I>=1; .-. I>=-1, 

(7+2Z)+2^=0; .-. ^=i. 

In (i) put aj«= — 1, and 
a;+2=(^c+5)(~aj+3+3a;-l) = (/la;+^)(2a;+2); 
.-. -2il+25=2, and 2.1+25=1, 
whence 5=| and ^4 = — J ; 
.*. the given fraction 

-.aj+3 __3 1_ 1 



4(a;«+l) • 2(a;-l)8 (x-l)«^4(x-l) 
(v) -Fmc? ^Ac coefficient of x'^ in the expansion of 

1 
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Let hk be the roots of x*+ 229a; +2^=0, and assume 

1 ^ + ^ 



:. I=il(a3—A;)+-B(aj— A), whence 



h^k h-'k' 

.*. the coefficient of 7^ required is 

1 1^__ 1 1_ ^n+i.^;i;n+i _ ^n+i_;fcn+i 

Qi^k)kk^ {h^k)h'h^''(h'-'k){hJc)^+^''{h----k)^+^ ' 

for hk=q, 

(vi) To find the coefficient of q3^ in the expansion of(l+x*)^^. 
Let A, fc, be the roots of «*— a;+l = 0, so that A+A;=l and 

hk=l ; 

.-. l-aj+a;*=l— (A+A;)aj+M«« = (l-^)(l-.fcc). 
Assume therefore 



!+«" 1+ar 1— Aoj 1— Axc^ 
.-. l=A(l-^hx){l^kx)+B{l+x)(l---kx)+C{l+x){l^hx). 
Putaj=-1, and l=A{l+h){l+k)=A{l+h+k+M:), 
=^(1+1+1); .-. ^ = -J. 

P...4..di=i(i4)(i4)=^ii±sfcs 

^ 1 7 Tl ^ ^ ^ 

for T-=«^; •• -S=7i-r-7T7T — 7N ; soC= — 



A ' ' (l+kXh-k)' ^~ (l+h)(h--k)' 

Now coefficient of iB" required=il(— 1)^+5A**+CA;»», 

'-^^''■^r'^h-k\l+k l+hj' 
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CONTINUED FRACTIONS. 



a 



123. Suppose -T- an improper fraction, and let h be contained 

in' a, j9 times, with remainder c (c being .'. necessarily less 
than h), 

Then|=i>+|=i>+y- 

c 

Now let c be contained in 6, $ times, with remainder d ; 

a , 1 ,1 

2+7 2+T 

d 

Again, let d be contained in c, r times, vith remainder e, and 
we have 

« 1 

_=p+ ^. 



2 + 



'+i 



This latter fraction is called a continued fracti<m^ and for the 
sake of convenience is expressed thus : 

The more general type of a continued fraction is however 
|?±-^ -^ . . . but as we shall deal only with the form (i), 

we prefer to make that form the subject of our fundamental 
investigation. 
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Now from the subjoined scheme it will 6 ) a ( j? 
be seen that the process by which we '9^ 

obtain j9, g', r, . . . which are called the ^ ) ^ ( ? 

Partial Quotients is simply the method i£_ 

ofo.CM. d)c{r 

rd 

Consequently any fraction -j- can be e) d { . 

turned into a continued fraction which will terminate^ for the 
method of g.g.m. can always be applied until, under the 
most unfavourable circumstances, we have a remainder 1, this 
being taken as a divisor we obtain a final quotient and no 
remainder. 

233 
Example. Express j^T as & continued fraction. 

154 ) 233 ( 1 
154 

79 ) 154 ( 1 

75)79(1 
75^ 

4)75(18 

72_ 

3)4(1 

1)3(3 
3 



233_ J_ J^ 11 1 
• 154""^"''1+ 1+ 18+ 1+ 3 

a 



Note, — If -T- be a prcyper fraction we write 



h^ h ~p-\- q+ 
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124. By expressing in the form of a continued firaction a 
fraction whose numerator and denominator are large, we may 
obtain approximations to its value. 

^, . 3471 « . 1 1 

Thudsmce^261=^"'"r+2+ ' * * 

we have for successively approximative values 

2) o, 2J . . . 



a 



125. The, approxirruxticyns to the value of -j- (an improper 

fraction) found hy taking 1, 2, 3 . . . partial qu^ytients, are 
alternately less and greater than the trv£ value, 

a 11 

For since -r=i^H — i r • • • 

p the first approximation is clearly too little. « 
p-\ — the second approximation is too great for the de- 
nominator ^ is too small. 
p-\ 5r the third approximation is too small, for we reject 

quantities following r, and thus take — instead of a smaller 
quantity ; that is gH — instead of a smaller quantity ; that is 
Y instead of a greater quantity ; that is p-\ — -j^ — instead 



9-\ 



r 

1 1 



of a greater quantity : in other words p+—r rr^ ... is less 

than the true value. 

Similarly we may reason for the fourth approximation. 

.1 .11 
Note. — The approzixnations p^ p+'z^ P+zj:^ • • • 

are called the first, second, third . . . CONVEROENTS, 
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and from the above it appears that if -r- be an improper 

fraction, then the odd convergents are less and the even 

convergents greater than the tme value. 

a 
A similar consideration shows that if -r- be a proper 

fraction then the odd convergents are greater, and the 
even convergents less, than the true valne. 

125. We denote the first, second, third . . . convergents by 
D^ ^ IT ^ W ' ' • *°^ ^^® corresponding partial quotients by 

A 8 o 

Qiy 9%) 9s ' ' * when however the number of the convergent is not 
specified, and we are dealing with any convergent, we denote 

it and those immediately following it by - — —7 , . . . and 

add 

the corresponding partial quotients by q^ q\ q", ... 

Hence ^=^. N^^mi±l 

Di 1 A qi 

^= ^,+ -i- 1 ^g»(gig»+l)+gi on reduction. 

i>z q^+ qs M«+l 

A * q%+ qz+ ?4 ?4(m«+i)+2'2 

Hence we may conjecture the following laws, 

Nn^qnNnr-i+Nrir-% 
Pn—qnOn-i + Dn-i 

as the laws of formation for the convergents. 

126. To prove ^=?«^»=1+^ 

assume Nr^j_=q^^N„r-i+N^i, 
and -0«-i=g'n-i-2>»-a+2>n-8- 

Now jr? diflfers from ^— * only in that we write g'n-iH — 

■^n l>n^i qn 

instead of ^„-i. 
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Hence ^^ ^ 

gn-igti^ti-a + -^n-a + gti^n-8 

= ^"yi**~ rk""' fr^^ ^^ assumption. 

Hence if the assumed law holds for the formation of the 
(n— l)th convergent so also does it hold for the nth. But it 
does hold for the third, therefore for the fourth, therefore for the 
fifth, and so by mathematical induction universally. 

127. The difference between any two consecutive conver- 
gents is a fraction, whose Numerator=l. 

Since the first two convergents are respectively ^ and ^^^' ; 

.*. the numerator of (the second— the first)=:2'i2'j+l--2'iga=l' 
Now assume that this holds for any two consecutive con- 

vergents -;, -^' That is, let the numerator in -^— -^ , 
^ a a ad 

viz., n'<?— ne?'=dbl. 
Th w^ n' _ n"d!-rid' _ (gV+n)ef^-(gV+e^K 
^^ d' rf'"" d'd" "" d'd!' ^ ' 

_ nd'-rid _ 1 
"■ dd!' "^d'd" ' 

.*. if the law hold for any two convergents, it holds also for the 
latter of these two and that next following it ; but it does hold 
for the first and second, therefore for the second and third, and 
so by mathematical induction universally. 

Note, '^—:^i:::l has (-1)» for its numerator. 
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For from the above it appears that the numerator of the 
second convergent— first convergent=4-l=(— !)*» 
third „ —second „ =—1 =(—!)«, 

fourth „ -third „ =+l=i(-l)*, 

so nth „ _(n-J)th „ =(-l)~. 

(7or. — ^All convergents are in their lowest terms. 

92 

For if -- are not in their lowest terms, they have an (integral) 

(X 

common measure which therefore measures n't^— nd'=±l, which 
is absurd. Therefore, etc. 

128. Any convergent %-. is nearer to the tme valne -- 

a 

than the preceding convergent •^. 
For ^^i:j!^±2^ 

d"''g:'d'+r 

Now ~ differs from \, only in writing §'"+ -777 . for o". 

h d . 2 + • . . 

This latter fraction is obviously >1 ; .*. denoting it by k we 

have 

a _Jcn'-\-n 

T^M+d' 

n a __n kn'+n^hkd'+nd-^n'kd—nd 
''' 'd'^T'^'d'^M+dr d{kd'+d) ' 

_ k(nd'--n'd) _ dbfe 
"■ d{kd'+d) "dikd'+d) 

, a rC _ kW+n n' _ kn'd'+nd'''kn'd'''n'd 
b d^'^kd'+d d'~ d\kd'+d) ' 



(i), 



--d'ikd'+d) ' • • • • • ^^^• 
Now the Numerator in (ii) is < Numerator in (i) for A; is > 1, 
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- — — 

and the Denominator in (ii) is > the Denominator in (i) for 
d' \&> d\ 

. '. on both accounts (ii) is < (i 

.'. — IS nearer to -=. than to -^ . 
ad 

129. The error arising from writing 4 instead of -^ is 

d 

less than r= . 
or 



n , a . 



For the numerical difference between — and -7- is 

d 

nan kn'+n k 



d b d kd+d d{kd'+d) 

, and this is 



1 



(^^i) 



dd' 



and .'. <— a fortiori for <? is < d'. 

Thus ~ is the sfwperior limit of the error. Similarly we may 
discuss the inferior limit. 

130. Any convergent [~\ is nearer to the tme valne 

than any other firaction [-^1 which has a smaller denomi- 
nator than d\ 

(i) Let — be one of the preceding convergents. 

Then the proposition follows at once (128). 

am 

(ii) Let - be w)t one of the preceding convergents. 
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Then it cannot lie between -^ and 37 or we should 

a a 

8 d a d ^ 

.\rd'^ns<-r, , 
a ' 

which, since r, Sy d, n, are integers, and s<d^ is impossible. 

Hence 

r n a n' n a n' r 

7' 1' J' 'd" ^^ 1' J' 1" 7' 

are in order of magnitude. 

In the latter case -^, is nearer to -r- than — is. 

d 8 

In the former -=- and .*. a fortiori (128) -^, is nearer to — 

d ^ ' d 

than — is. 

8 

Hence in either case --> is nearer to the true value than — is. 

d 8 



131. A convergent | -^J immediately preceding a large 
partial quotient (/) is much nearer to the true value [ -^ | 
than the preceding convergent ( ^ ) is. 

n a n kn'+n k . 

and -a~T=-mc¥+drd(kd'+dr'^' '*y- 

Now since k=^'+--. and 2" ^ large ; .•. k is large and 

q "+■.•• 

dfis<c^'. 

Hence on both accounts Ai is mrich less than A^. 

Q.E.D. 
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132. The four ftJlowing examples are practicallj bookwork. 
(i) Express tjc^'\-l as a contmned fracdon. 

va*+l+a 



=a4 



2a+ A/^l+a' 
1 1 1 



2a+ 2a+ 2a+... 
(ii) To find the value of the continued fraction, 

11 11 

P+ ^+ P+ 3^+— 
the partial quotients recurring in a fixed order, (ttpe.) 
Let a;=the required value ; 
1 1 q+x 

P"^ 2+^ P9.+P^+^ 
Thb becomes on reduction 

px* +pqx^ q=0. 
A quadratic whence we determine x. 

(iii) Convert Vll into a continued fraction. (type.) 

ViT=8+ Vli— 8 (Notice, 3 is the integral part of Vll), 

=8+-7J— =3+ ^ 



Vll+3 vn+3 ' 

2 

so ^+^=3+ ^-^=3+-7i (3 being the 

2 "^^ 2 ^ Vll+3 ^ ^ _ 

integral part of ^^ "^^ j j 

• Ju-^4. ^ 1 -a I 1111 

• • V11-8+ gq: ^^^=__8+g^ 6+3+6+ 

(iv) Qiven 6'= 2. Find x in the form of a contmued fraction. 
Here it is plain that x lies and 1. Let x=—\ 

y 

i_ 
.'. & -2; .-.2^=6. 
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Hence y lies between 2 and 3. Let y=2H — > 

.•.2*^ =6; 
i 3 

■•• (I)' =^ 

Hence z lies between 1 and 2. Let «=1H , 

P 

=2. 



■■•(r= 

••^2/ 3' 



Hence jp lies between 1 and 2=1+ — say, and the process 

above may be similarly continued. 

Therefore a:= ^ — = — .= — 

2+ 1+ 1+ . . . 

The subjoined example is instructive. 

^^ ( a— 0— a— 0— ... j ( a— 0= a— ... j a 

Let a;= 



a— 6— a— ft— 
1 1 l^x 



,\ x= 



a— b^x aft— oa;— 1 ' 
.•. a&— aa;"— a;=ft— a? ; 
.'. ax{b^x)—b; 
.•. x{b—x)=b; 

( a— 0— a— 0—... j ( a— 6— a—... j a 
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INEQUALITIES. 

133. Many inequalities are worked by assuming the proposi- 
tion in question to be true, if certain relations deducible from it 
are true ; ike^e to be true if certain other relations deducible from 
them are true ; and so on, until finally we arrive at a statement 
which is known to be true or known to be false. If this final 
statement be true, so is the proposition : if this statement be false 
the proposition is false likewise. 

Example, Prove , i i *^^- 

I 

n^-n+l 

if n«— w+l<3n«+3n+3, 
if <2n2+4n+2, 

if <(n+l)« which it is, 



^ ^ n*— n+1 . 
Therefore .-r— ITi is <3. 



134. Again, the solution of many inequalities will be best 
effected by the adoption of various artifices which can be learnt 
only by practice. The following examples will be suggestive : — 

(i) Prove abc>{a^b+c){a+b^c){h+c^a), 

a^>a*^{b—cy obviously; 
.*. a*>(a— 5+c)(a+6— c), 
so A*>(6— c+a)(6+c— a), 
and c*>{c^a+b){c+a^b) ; 
.-. a*b*c*>(a''b+cy(a+b-cy{b+c^ay ; 
abc>{a^b+c) (a+b—c) (b+c-^-a). 

Q.E.D. 
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(ii) Prove a6(a+ft)+6c(&+c)+ca(c+a)>6aJc. 

The left-hand side = a(6* + c*) + 6(c*+ a*) +c(a»+ ft'). 
Now 6*+c'>2Jc obviously; 

.-. a(6*+c')>2aftc, 

so 6(c'+a')>2aJc, 

and c(a*+6')>2aftc; 

.•. by addition the required result follows. 

(iii) Prove a&(a+&) + &c(&+c)+ca(c+a)<2(a»+68+c»). 

Since 0<a*— 2a&+&*; 

.-. a&(a+&)<a»+6». 
So 6c(&+c)<&»+c», 

and ca(c+«)<c'-t-«' ; 
.'. by addition the required result follows. 

(iv) a'+^'+c'>a&+&c+ca. 

For a*+6*>2aft, 

&«+c*>2&c, 

and c^'\'a}>^ac\ 

.*. by addition and dividing both sides by 2, the required result 
follows. 

NJB, — In all of these examples we assume a, &, and c to be 
unequal. 

135. To proye ( ^ - • - + j ^^^^ . . . jt unless 

the n quantities a, ft, c, ... A; are all equal. 

Now(l+±)"iB>{l+^J"- (Lemma), 

for on expansion, the first two terms are the same on each side, 
after which each term on the left is greater than the corre- 
sponding term on the right, and moreover there is one more term 
on the left than on the right. 

G 
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Now / a+6+ • ■ • +fc \"_^J a+6+ . . . +fc \» 

-fT" [ 1 I ^+g+— +fc-(w-l)a I * 

^"1^+ JK-^ -\ <^""^*>' 

>aftc ... it, similarly. 
NoU, — The above important theorem may be written 

n ' 

and hence it is sometimes enunciated thus : — 

'^ The A.M. between n quantities is greater than their g.m. 
unless the n quantities are all equal'' 

' 136. Examples of the use of the preceding theorem, 
(i) Prove a» + 6»+c» > 3a6c. 

Consider the three quantities a', &•, c*. 

Then2l±^'>VHr6r^, 

>ahc\ 
u\ a*+h*+c^>Sabc. 

(ii) Prove !^i!^'>V(M^^ 

Consider the n quantities 1', 2', 3', . . . n«. 
Then l'+2'+ ■ » ■ +n» ^ _____ 
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SCALES OF NOTATION. 

137. In the ordinary system of notation the value of the 
digits increases by powers of ten as we proceed to the left, or, 
in other words, decreases by powers of ten as we proceed to the 
right. 

Thus in 437-29, 

The digit 4 denotes 4 groups of 10' =4x10", 

„ 3 „ 3 „ 10=4x10, 

„ 7 „ 7 units 1 =7x1, 

and in continuation of the same law, 

„ 2 denotes 2 X ja » 

» ^ ji 10** 

The grouping in this system being in tens, the system is 
called the decimal scale, and ten is called the radix or base (the 
decimal point is in reality nothing more than a ^^full stop" 
which serves to indicate which is the units' place). 

Now obviously we may form our groups on any other hase^ r 
say. We must remember, however, that if we do so — 

(i) The value of the digits decreases hy powers 0/* r to the 

right, and. 
(ii) The highest digit in the scale will from the nature of the 
case be (r— 1). 

138. To express any nurnber N in any proposed scale. 
Let r be the radix of the proposed scale, and 

(i) Let N be integral. 

Suppose the digits which represent it in the scale of r to be 
00, ai, as, . . . beginning at the units' place, so that 
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From this it appears that if we divide N by r, the remainder 
will be ao and the digit in the units' place is found. 
If we divide the quotient thus obtained, viz., 

ai'\-a^r+a^r'^'\- . . . 
by r, the remainder will be ai ; and so the next digit is found. 
Similarly we may proceed till we have found all the digits. 

(ii) Let N be fractional^ 

and let the digits which represent it in the scale of r be 
a— 1, a-2) A— 8) • • • BO that 

-^=a_ir"*+a_2r-«+a_8^"'+ • • • 
From this it appears that if we multiply N by r the integral 
part will be a-i , and thus a^i is found. 

Again, if we multiply the fractional part of this product, viz., 

a-ar-'+a_8^"^+ • • • 
by r, the integral part will be a""*, and so a~* is found. Simi- 
larly we may proceed till we have found all the digits. 

Example, Transform 347 from the decimal into the senary 

scale. 

61347 



6 1 57-5 
6 I 9— 8 Hence the number is expressed 
1—3 in the senary scale by 1335. 

139. The maximum number of n digits in the scale of r is 
r»»— 1 and the minimum, r'"^^, 

(i) For the number will be a maximum when each of the 
n digits is as great as possible, viz., (r— 1). 
Hence the number 

=(r-l)+{r-l)r+(r— l)r«+ . . . +{r-.l)r«-i, 
= (r--l)(l+r+ra+ . . . +/«"-i), 
r**— 1 

(ii) The number is a minimum when the coefficient of r**~* is 
1, and each of the other digits 0. That is, the minimum 
number with n digits is r»*~^ 
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140. If P contain p digits and Q contain q digits^ then PQ 
contains P'\'g or p-\-q — 1 digits. 

For PQ is <rPr«<rP+« and so cannot have more than p+q 
digits, and PQ is not <rP-V<'~^ ; /. PQ is not <i*+«-*, and so 
cannot have less thanp+gr— 1 digits. 

.*. etc. 

The same method may be applied to any number of factors. 

P 

141. If P contain p digits, and Q contain q digits, then -^ 

contains (p^q) or (/>— g^+1) digits. 

— P . 7* for the numerator is too great and the 
Q r*~^ denominator has its minimum value, 

< least number with^— g'+2 digits, 

and therefore cannot have more than (p^q+1) digits. 

. . P r^~^ for the numerator has its minimum value 
° Q r^ and the denominator is too great, 

> least number with p—q digits, 

and therefore cannot have less than (p^q) digits. 

Therefore, etc. 

The proof here given is independent of the results of Article 
140. 

142. If the Slim of the digits of any nnmber expressed 
in the scale of r be divided by (r— 1), the remainder is 
the same as when the nnmber is divided by (r—l). 

Let the number be (ao+«ir+a2^*+«8^'+ • • • +«n*'") 

= (ao+«i + ...+a«)+ai(r-l)+fl«(»''-l)+. ..+«»»(»''*- 1). 

Hence (r— 1) being contained in every term eoccept the first, 
and this first term being the sum of the digits, the proposition 
follows. 

Cor. — Any number in the decimal scale divided by 9, leaves 
the same remainder as when the sum of its digits is divided by 9. 
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143. If PQ=R and «, y, z^ be the remainders, when P, Q, R 
respectively are divided by 9, the numbers being expressed in 
the decimal scale, then will z =the remainder when xy is divided 
by 9. 

Let P, Q, jB,=9a+a;, 9j8+y, 9y+« respectively. 

Then since FQ=B we have 

SlaP+9ay+9Px+xi/=:9y+z. 

Now 9 is contained in every term except the last on each side. 
Hence z = the remainder when scy is divided by 9. 

From this theorem is derived the test of the accuracy of 
Multiplication called ^^ casting out the nines.'' 

Example. 347 Remainder a;=5 ) « 

96 „ y=6 r 

2082 
3123 



33312 „ z=:Z. 



The test however fails to detect certain 

(i) Errors of Excess. The superfluous presence in the pro- 
duct of digits whose sum is 9, a multiple of 9 or 
zero. 

(ii) Errors of Defect. Their incorrect absence from the 
product. 

(iii) Errors of Position. A wrong order of the digits in the 
product. 

We are not therefore justified in saying that when the test is 
satisfied^ the working has been correctly performed. We are 
however entitled to say, that when the test is not satisfied the 
working is incorrect. 
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FBOFEBTIES OF NUMBERS. 

144. The product of any r consecutive integers is divisible 

by jr. 



Let n be the least of such integers, and denote the quotient, 
fi(n+l) . . . (n+^— 1) , ^ 



r 

We have to prove that "Q^ is an integer. 

w(n+l) 
(i) It is clear that ^Qr= 1 o — ^s an integer, for of the two 

factors, n, (n+1), cme rnvt/st he even, 

(ii) Assume the product of any (r— 1) consecutive integers to 
be ^visible by | r—l , in other words, let *Qr-i be an integer 
for all values of k. 

Then since nQ^^ <^+^)";(n+r-'^) 

[L 

_ n(w+.l)...(n+r~2) ( - , n-1 ) 
- |r-l t >• J ' 

_ (w— l)n...{(n--l)+r-l} n(n+l)...(w+r-2) 
~ r ^ Ir-l ' 



and ^Qr-~i is integral by Hypothesis ; 
.•. nQ^:^n-iQ^^ a^ integer, 

»»-iQ,.=«-aG,.+ . . . writing (n-1) for n, 

• • • • 

Vr^ Vr~r • • • 

.'. by addition ^Qr=^Qr+ an integer, but ^Qr=l ; 

.•. *Gr is integral. 
.'. If the law hold for (r—l) consecutive integers, it holds 
also for r. But it does hold for 2 ; therefore for 3, and so by 
mathematical induction universally. 
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Example, — Prove 4n*—n divisible by 3. 

/^ ^v,^ -.X (2n-l)2n(2n+l) 
4n»-n=w(4n«-l)=w(2n-l)(2n+l) = ^^ ^2"^ — -^--• 

Now (2n-l)2n(3n+l) is divisible by j_3 ; 

.'. (2n— l)2n(2n+l)=6p say, where jp is integral; 

. (2«-l)2n(2n+l) _ 
. . — 2 — VP) 

whence 4n'— w is divisible by 3. 
Aliter. — n must be of the form 3m or 3m ±1. 
Hence (i) if w=3m the proposition is obvious, 
(ii) if w=3m±l, 
4n8-n=4(3m±l)»-w=4(27m»=fc27m«+9m=fcl)-(3m+l>, 

and this of the form 3A;±4q=l, 

= 3A;=fc3, 
and therefore is divisible by 3. 

145. Every square number is of the form 5m or 5m ±1. 
For every number being of the form 5m, 5m±l, 5m±2, 
every square number is of the form 

25m«, 25m«±10m+l, 25m«±20m+4. 
Now these may be written respectively, 

5(5m«), 5(5m«±2m)+l, 5(5m«=fc2m+l)-l. 
Hence every square number is of the form 

5m or 5m±l. 
Cor, — No square number ends with 2, 3, 7, or 8. 
For from the above every square number ends with 

5 1 6 9 or 4. 

Eocample, If a*+ft*=c% prove that either a, 6, or c is 
divisible by 5. 

Suppose neither a nor h divisible by 5. 

Hence they are of the form 5m±l or 5m±2, and therefore 
their squares of the form 5m±l ; 

.-. c*=a^+h^ = 6p±l + 6q±l. 
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Now the terms with double signs must cancel, or we should 
have a square of the form 5if±2, which is impossible ; 
.'. c' and consequently c is of the form hM^ 
whence c is divisible by 5. Similarly for any case. 

146. Every prime number greater than 3 is of the form 
6m±l. 

For every number is of the form 

6m, 6m±l, 6m±2, or 6m +3, 
And the primes cannot be of the form 

6m, 6m±2, or 6m +3. 
Therefore they arc of the form 6m±l. 

147. Every number which is not a prime is divisible by S(yme 
number not greater than its square root. 

For let p be any number which is not a prime. 
Therefore it must be separable into two factors at least, 
a and h say ; 

.'. p=ab\ 

.*. hjp hjp'='db. 
Hence if a> yy/p, b> tjp^ 
if a< f^p^ b> /s/p, 
if a= yy/p, b= fs/p. 
Therefore in any case there is a factor not greater than the 
square root. 

148. No Algebraical formula can express primes only. 

If possible, let the formula a+bx+cx^^ . . ,. denote primes 
for all values of x, and let P, Q, be the resulting primes when 
x=my and m+nP respectively ; 

.-. Q=a+b(m+nP)+c(m+nPy+ . . . 
=:a+bfn+cm*+ . . . +kP say, 
=P+^P, 

• =P(1+^), 
i.e, the prime Q is separable into factors other than itself and 
unity, which is impossible. 
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Therefore, no Algebraical formula can express primes only. 

Bishop Colenso notices that the expression 2a;^+ 29^ gives 29 
primes as x receives the value 0, 1, 2, . . . but that beyond 
that point, in accordance with the theorem above, it ceases to 
give prime numbers Only. 



149. The number of primes is indefinitely great. 

For if not let p be the greatest, so that 2.3.5.7 . . . jp is the 
product of all existing primes. Denote this product by P; 
.*. P is divisible by every one of these primes, and P+1 by 
none of them. Hence P+1 is either a prime, or divisible by 
some prime greater than p. In either case the supposition that 
p is the greatest prime is untenable. .*. etc. 



150. ^fc measures cth^ hut is prime to a, it measures h. 

For take a>c and perform the operation of finding the o.cm. 
of a and c. 

Let the quotients so obtained be ^i, ^,, ^sj • • • and the 
remainders r^ r^^ r^, . . . 1. (For since a is prime to c we 
must by proceeding far enough obtain a remainder 1.) Thus 

a=g'ic+r,, ... (i), 

c=?2ri+r„ . . (ii), 

^i=g'8»'2+»'8, . . . (ill), 
Multiply each of these by h and divide by c, 

^ = —•?«+—, . . (ll)> 

_=— .^,+_, . . (ni), 
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nh 

Then since — is integral by hypothesis, it follows from (i) 

that — is likewise integral. Hence from (ii) — ^ is integral, 
c c 

and so finally^ is integral. 
Similarly the proof holds if c>a. 

151. If a and, b are prime to c, ah is prime to c. 

For if not, if possible let ah and c have a common factor k. 
Now a is prime to c and therefore to k. 
And since k is prime to o, and measures a&, . . (Hyp.) 

.'. k measures ft, . . . . (150), 
.*. h and c have a common factor k, 
and they are prime to each other, . (Hyp.) 
Which is absurd. Therefore, etc. 

a 

152. If a he prime to 6, tJie fraction -j- cannot he expressed in 

lower terms, 

a c 
For if possible let -t-=-^ where c and a are less than a and b 

respectively. 

Then since -t-=c =an integer, 

and b is prime to o, . . (Hyp.) 

.*. b measures d, 

Butftisx?, . . . . . . . (Hyp.) 

Which is absurd. Therefore, etc. 

a c 
Cor. — Ji-r=-T , a being prime to 6, c must be the same 

multiple of a, that d is of b. 

- . a c , ad 

For since "T = 3 ^ ' * X^^' 

and a is prime to 6; ,'. b measures e2 ; ^\ d=mb say, 

, a.mb 

whence c= — =— =:wa. q.e.d. 





io8 
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153. If m be prime to w, the remainders when r^m+r, 2m +r, 

3m +r, . . . (ri— 1 |m+r) are divided by n, will all he different. 

For if not, if possible let two of them, pm'\-r and qm+r give 
the same remainder, and let 

j7m+r=An+<, 

and qm'\-r^=kn'\-t ] 

.'. {p--q)m = {h—k)n; 

h-k 



m 



(Hyp.) 



n p—q 

Now m is prime to n, . 

.'. (p—q) is a multiple of n. 

But p and ^ are each less than n, 

Whieh is absurd. Therefore the remainders are all different 

Cor. (i) — The n remainders are obviously though not 
necessarily in order 0, 1, 2, 3 . . . (n— 1). 

Cor. (ii) — When the remainder is prime to n, so also is the 
dividend. Hence if we denote the number of integers less than 
n and prime to n by P(w), it follows that F(n) of these re- 
mainders, and therefore P{n) of the given quantities are prime 
to n. 



1 64. Ifm he prime to n^ P(mn) = P(m) X -P(^)» 

For if 1, a, & . . . r , . . m— 1 are the numbers less than 

m and prime to m, we have for all the numbers less than mn 

and prime to m. 



1 

m+1 
2m+l 

(n-l)m+l 



a 

m+a 
2m+o 

(w— l)m+« 



6 

m+h 

2m+h 



r 

m+r 

2m'\-r 

... (n— l)m+r 



m— 1 
2m-l 
3m- 1 

nm— 1 



(w— l)m+^ 

There being P(m) quantities in each row and n quantities in 
each column. 

But those numbers which are prime to mn are prime to n as 
well as to m (151). 
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Hence to find P{mn) we must select from the preceding table 
those numbers which are prime to n. 

Now in each column there are P(w) such numbers (152, 
Cor. ii), and there are P(m) columns ; 

/. P(mw)=P(m)xP(n). 

155. To find P(iV). 

Let N=oPh^c^ . . . where a^h^c^ , . . are prime numbers. 

Then F{N)=F{a^).F{b^)F{c^) , (153). 

Now consider the series 1, 2, 3 ... a^. 

The only terms here which are not prime to c^ are 

a, 2a, 3a, c^'^.a, 
the number of which is o^"^ ; 
.*. the number which are prime to al^^a^-^c^'^. 

Hence F[a^) = o^/^l - 1 \ , 

i'(^')=^^(l-y), 

and P((f)=c'/l-.lV 
• • • • 

■•• w=«'»'^-{i-^)(i-i)(i-i)... 

156. To find the number oftdivisors of a given nurriber. 

Let N be the given number, and let it r=i(^¥e . . . 
a, 2^, c . . . being prime numbers. 

Then obviously the terms of the product 

(l+a+a« + ...+aP)(l+5+5« + ...+5^)(l+c+c« + ...+cO... 
involve all the possible divisors without excess or defect 



so 
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Now the number of terms in these brackets is 

(^+1), (<?+l), (r+1) . . . respectively; 
/. the number of divisors required is (p+l)(2+l)(^+l) • • • 

Cot, — It is plain that the m.m of the divisors is the prodiLct 
itsel/j and this may be written 

gP+^-l qg+^-1 c*^^-l 



157. If m he a prime nurnber every term in the expansion of 
(a+oj)**, except the first and lastj will have a coefficient of the form 
mP where P is integral. 

For each of these coefficients is of the form 

m(m— 1) . . . (m— r+1) 

E 

Now (i) this is integral, for it is the product of r consecutive 
integers divided by | r. 

And (ii) m is a factor of that integer ; for being a prime, and 
being greater than r, it cannot cancel out with any factor in the 
denominator. 

Hence the coefficient is of the form mP where P is integral. 

Cor. — Similarly, it is clear that every term in the expansion of 
{a+b+c+ . . .)'* except a**, 6**, c^, . . . have coefficients of 
the form mP where P is integral 



158. FEBMAT'S THEOREM. If m be a prime number, 
and prime to N, then -^'»-»— 1 is divisible by m. 

For let a^hj Cy . . • . denote any integers. Then 
(a+5+c+ . . .)»»=a'»+&'»+c'*+ . . . +»wA, where h is 
integral. 

For (157, Cor.) the coefficients are integral and involve m, 
and a, 5, c, . . . and their powers are integral by assumption. 
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Now let there be N of these quantities a^h^c^ , . . Take 
each of them equal to 1, and let h become h when this substitu- 
tion is made ; 

.'. N^^zN-^-mk^ where fe is integral ; 

.-. w measures ^(-^'*~*—l), 

and it is prime to -^; . (Hyp.) 

m measures -^"*~*—l, . . (150). 
This is generally expressed thus : 

^m-i --. \ -|-^wi, where p is integral. 

159. LOGABITHMS. The logarithm of a number to a 
given base is the index of the power to which the base 
mnst be raised in order to be equal to the given number. 

Thus 10* =100 and 2 is the log of 100 to base 10. 
This is written thus, logiol00=2. 

160. The log of the bcise itself is 1. 

For a}=a always. 

The log of 1 is 0, whatever he the base. 
For a^=l always. 

161. The log of a product is the sum of the logs of the factors. 
For let logaW=a;, and logaW=y ; 

.-. m=a^, andw=ay; 

,\ log,mw=a;+y=logaW+logan. 

162. The log of a quotient is the log of the dividend diminished 
by the log of the divisor. 

For with the same assumptions as in the last article 

n ay ' 

.-. log„-^=a;-y=log,m-logan. 
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163. To connect logafn and logi,m. 
Let logam=a;, and logj ni=y; 

X 

1 

.-. x=yX 



log^a ' 



.-. logjaxlog,2>=l. 



Cot. — Since log5a=— , and similarly log,5=— > 

X y 



164. In all theoretical investigations the base adopted is the 
series (l+l+r2"'^"r3"'^" • • • ^ inf,). This sum is denoted 



by the symbol e. It lies between 2 and 3, being evidently 

greater than 2 and less than l + l+-o+oi+ • • • ^•^« <3. 

To this base logarithms were originally calculated. It may be 
easily proved incommensurahU, 

165. EXPONENTIAL THEOREM. To prove that 

fl»=l+Gog,a>+^y— + ^ ^3^ + . . . 

/l4.i\'**= j (l+-y I- * for all values of n ; 
•'• J-"r**'H tq r To r • • • 



-{ 



1 



«,\ «/\ «/ 



l+l+-nr^+^^ -^ ^+ 



I 



[2 "^ js; "^ . . . j- • 
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Now let n be indefinitely increased and we have 

i+*+|+|+ • • • =(i+i+f|+i|+ • • • )'=^- 

For in each term we have left out a part whicli ultimately 
vanishes \ but it is not evident that an infinite number of such 
small parts vanish ; as, however, in each term the 'part rejected 
is infinitely small in comparison with the part retained, and all 
the parts retained have the same sign, therefore the sum of the 
parts rejected is infinitely small in comparison with the sum of 
the parts retained. 

Now let logfi=k, so that a=e*. 

ic* a?* 
Then since «*=l+i«^+r2'+[3'+ • • • 



.-. «»=i+aog.a>+(l5M)!?!+ . . . 

This result is called the Exponential Theorem. 
166. To prove loge{l+a;)=a;— 2^+-g-— 
Since a*=l + (logea)a?+^— ^j^— + • • • 

.-. aV=l+(log.a)y+^^^^|^+ . . . 

In the last result write (1+^) ^^^ ^) transpose and divide both 
sides by y ; 

(l+ic)y--l 
.-. ^ =loge(l+i»)+ terms involving y^y* . . . 

if 

... a;+^.(c«+ ^y~^^y""^) x»+ . . . =lo&(l+«)+ . . . 

Equate terms independent of y, and we have 

log,(l+it)=a;-|.+^- . . . 
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Note. — ^In the preceding proof the series l+(log/i)aj+ . 
is convergent, and x must he taken <1, so that 

^"':ii^^'"^ ^^""^|3^^^^^ '+ . . . is so likewise. 



167. Since log(l+aj)=a;—2+-Q^ . . . wheifix<\% 



a 



•■• log(l-a!)=-x~— g- 
Let 1+^="^ : ... .=, 1 



l-x~ n ' " *~2n+l' 
and we have log ^=2[^+-|(2^) + . . . J 

for all values ofn. Put n=l ; 

... log2-logl=2[^+K 1) +...]. 

Butlogl=0; 

••• l<'82=2[|+|(|) + . . .]. 

So now if we put n=2 we shall obtain logS s a series 
+log2 ; and so generally we shall obtain the log of any number^ 
if the log of the preceding number be known. 

If in the above we had written ;- for , we should have 

w*— 1 1— aj 

obtained a still more rapidly converging series for ascertaining 

the log of any number. In this case we are required, however^ 

to know the logs of the two preceding numbers. 

The student should verify this for himself. 

' For further information on logarithms he is referred to the 

chapters on that subject in Mr. Todhunter's Plane Trigonometry, 
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168. If n he a 'positive integer then 

„»_«(„_l)»+!i(^)(„_2)«- . . . =|n. 
For by the Binomial theorem 

And by the Exponential theorem 
(e»-l)»=(l+a!+g+J+ . . ._l)«=(a,+^+ . . .)». 

=af*+ terms involving higher powers of x than the nth. 
Hence equating coefficients of a^, in these two equivalent 
expressions we have 

n^ n (n— 1)« n.n-1 (w— 2f _ ^ 

In 1 In "^ 1.2 In ' * * "^ ' 



., ^n^l (n-l)»+!h^)(n-2)»- . . . =|n. 

* 

169. WILSOITS THEOBEM. If n be a prime number 
1+1 n—1 is divisible by n. 
By the preceding article 

(n-^l)n-i^!LrJ(n->2)^^+ (^""^]^^"^) (n--3)'^^--...=|n-l. 

Now n is a prime, and prime to n— 1 ; 

.' . (n — 1)**"^ = 1 +j?n by Fermat's theorem, 
so (n— 2)'*-^=l+2'n „ 

and (n— 3)'»-*=l+m „ 



... (l+i)/i)-?^(l+gn)+ <^-y,^-"% +rn)-...=|n-l; 

.-. |n-l=A:n+[l-?^:l+ ^^"\)g^"^^) -...to (n-1) terms], 

where ^ is some integer, for^, g, r,...are integers, 
=fcn+[(l-l)»-^-.(-l)n-i], 

=^n— 1 for 7i 6e«n^ a prime n— 1 m even; 
.-. l+|n— l=Ayt, and consequently is divisible by n. 
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Note, — If n be not a prime l+|n— 1 is not divisible by n : for 
let a be a factor of n ; .'. \ n—\ is divisible by a; .*. l+|n— 1 
is not divisible by a, and /. not by n. 
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170. A series continued ad inf. is said to be convergent wben 
the sum of the first n terms cannot exceed some fixed finite 
quantity, and divergent when the sum of the first n terms may 
be made greater than any finite quantity, by making n sufficiently 
large. 

171. " Tests of Convergence. 

(All the terms are considered positive finite quantities unless 
the contrary is specified.) 

(i) The series is convergent if from an/3, after some partictdar 
term the ratio of each term to the preceding one is less than some 
fixed quantity (k) which is itself <1. 

Let the particular term, and those immediately following it, 
be Uij Ui, Uij . . . Let s denote the sum of the preceding terms, 
and S that of the whole series. Thus 
S=s+Ui+U2+Ui+ . . . ad inf., 

=s+Wi(l+-i+-l -?+— — — + . . . admf), 
Ui t^s Ui u^ Uf Ui 

<8+Ui(l+k+k^+ . . . ad inf.), 
<8+Ui- — - since ^<1. 

Now each term is finite ; .*. s is necessarily finite ; 
.*. fi^ is less than some fixed finite quantity ; 
.'. the series is convergent, 
(ii) A series is convergent when from and after some particular 
term each term is less than the corresponding term of another seriea 
which is known to he convergent. 
This is evident from the meaning of '^ convergence.*' 
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(iii) A series is convergent if the terms are cdtemately positive 
and negative^ and continually decrease numerically. 

Let the series be Wj— Wa+Wg— W4+ . . . and let the sum be 
denoted by S, 

Then since S=(ui-'U2)+(us-'U^)+ . . . 

or Wi— («a— Wg)— (^4— ^s)— • • • 
and all the quantities (t*i— t*a)> (^s— ^O? (^2"-'^8) ... are 
evidently positive, we have 

jS>«| and<Wi— Wj; 

.*. the series is convergent. 

Tests of Divergence. 

(iv) A series is divergent when from and after some fixed term 
each term is greater than the preceding one. 

Let the particular term and those immediately following it 
he Uij Ui, . . , : s the sum 'of the preceding terms, and S that of 
the whole series. 

Then iS=s+«i+w,+w,+ . . . 

<S+Ui + Ui+Ui+ . . . 

<s+mwi say. 
Now by sufficiently increasing m, mui may be made greater 
than any finite quantity whatever ; 

.'. the series is divergent. 
Cor, — ^It is clear that the series is likewise divergent if «^i = 

Hence we may say that a series is divergent if from and after 
any particular term the ratio of any term to the preceding one is 
equal to or greater than 1. 

(v) A series is divergent if from and after some fioced term each 
term is greater than the corresponding term of a series which is 
known to he divergent. 

This is evident from the meaning of " divergence." . ^J 

172. Examples of the application of these tests, 
(i) ^+[2+13"+ • • • is convergent 
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'j,^^ the (n+l)th tenn ^ |_!»+l 1_ 

the nth term 1 ""w+1* 



n 
Hence if n=l the ratio is — , but from and beyond the 

second term the ratio is<_ ; 

.*. the series is convergent, 
(ii) 23+45+67"^ ... is convergent. 

For this series=— — 5-+— — -.+ , , . and is thus con- 

ib u 4 

vergent by the third test. 

(iii) l+_+_+ . , . is convergent. 



1 



1-i 



and is therefore convergent. 



(iv) ^+2i+3i+4l ^^ ^^«r«e°*- 



n« 

n«»» 



p^^ the (n+l)th term ^(g+l)^_ 
the nth term ""(n--l)»-» (n 



(n+l)»*+»(n-l)**"i ' 
n** 



"(n+l)«-^^(n-l)»-*~U+V I »» / ' 
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(>+r' 



(!r^)-. 



_HMr. 

Now when n is indefinitely increased the limits of { 1 } 

and 11-^ — I are both unity: and those of M— .— j and 

jl-| — I are both e; 

.*. when n is indefinitely increased the ratio of the (n+l)th term 
to the nth term is 1 ; 

.*. the series is divergent. 

(v)l+|+~+^+ . . . i8 divergent 

For this may be written 

¥+(¥+i)+(^+i+y+i)+(^+^+-+B)+" 

the first bracket containing two terms ; the second four ; the 
third eight ; and so on. 

Hence writing for each fraction in each bracket, the smallest, 
t.e. the last, fraction included in that bracket, we have the given 
series : 

>l4+(T+TH-F+¥+F+i)+ • • • 

111 

>l+f mx "2 ) say- 
Now by taking m large enough this may be made greater 
than any finite quantity ; 

.*. the series is divergent. 



1+ 
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173. It may happen that the ratio of the (n+l)th tenn to the 
nth term, though always less than 1, tends to 1 as its limit In 
this case we cannot name any proper fraction k which is always 
in excess of this ratio, and therefore the first test of convergency 
is here useless. The example, last given is a case in point, and 
the method of treatment adopted there is typical As a further 
illustration we will examine the conyergence or divergence of 
the series. 

l+2F+gF+ • • • 

(i) When jj=l the series has been already proved divergent, 
(ii) Whenp>l the series is convergent. 

For 5=1+^+^+ . . . 
1 



for^>l. 



2^-1 

and therefore the series is convergent, 
(iii) When ^ < 1 the series is divergent : for each term of the 
series except the first is greater than the corresponding term of 

the series 1 +—+-—+ . , . which is known to be divergent. 

2t 3 



174. Farther Tests. 

(i) A series is convergent when from and after some jpartictUat 
term the ratio of each term to the preceding is less than the cor^* 
responding ratio in another series which is Jcnoum to he convergent. 

This follows from the first test of 171. 

(ii) A series is divergent when from and after some particular 
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term the ratio of each term to the preceding is greater than the cor- 
responding ratdo in another series which is hnown to he divergent. 

This follows from the fourth test of 171. 

(iii) If the ratio of the (n+l)th term to the wth=,j — -^ and 

when n is indefinitely increased, nk remains finite, but - — - has 

1 for its limit, then if from and after some particular term n1c> 
^ (an improper fraction) the series is convergent, but if nk<l 

the series is divergent. 

(a) Let nk>S- after some particular term. 

Then {l+ifc)«>^l+iV 

if nk—£- >A—B say. 

Now nk is finite always, and the limit of ^ is ; .'.by inde- 
finitely increasing n, A and B and therefore their difference can 

be made as small as we please ; and .*. less than nk—-S- . 

9 



Hence {l+ky is >/l+lj''; 

p 



P 



1 ^ 1 Jn^-IY 



• •!+&</, . 1\|. 



('41 



P_ 
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that is, the ratio of the (n+l)th term of the given Beries to its 
nth term is < the ratio of the (n+l)th term of the series l+oZ 

•\-^ — I- ... to «tonth term, m being >1 : but the latter series 

is convergent ; .*. so ako is the given series. 
{p) Letnifc<l; 

n 

,.l+ifc<l+i<!Ltl; 

n n 



1 n n+1 



n 

That is, the ratio of the (n+l)th term of the given series to 
its nth term is >the ratio of the (n+l)th term of the series 

1+-^+— + . . . to «fe nth term. 

But the latter series is known to be divergent; .*. so also is. 
the given series. 

Exarrvple. The series l+H-g- -g- +2^' -g+ . . . is con- 
vergent. 

For it may be easily shown that the ratio of the (n-|-l)th 
term to the nth may be written 

1 

14 ^-' ' 



4n*-12n+9 



g_7 

6n»— 7n n 

.'. nfc= 



'4n«-12n+9""^_12 , ^ 



n w 
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Hence the limiting value of n^=f when n is indefinitely 
increased ; and is >f if 

24n»-28w>24»«-727i+54, 
if 4471 > 64, 

f w>|^; ^ 

.*. from and after the second term nlc>\ 
.'. the series is convergent. 



BEOUBBING SERIES. 

175. If from and after some particular term, each tehn of a 
decreasing infinite series be formed by some fixed law from the 
preceding terms, the series is called a recurring series, and is said 
to be of the first, second, third, . . . order, according as the law 
involves one, two, three, • . . of the preceding terms. 

To find the sum of a recurring series of the second 
order. 

Let the series be a+hx+cx*+dg!^+ . . . ; denote the several 
terms by A, B, Gj D^ . . . the sum by 8, and let cssfxB+gx*A, 
where f+g is called the scale of relation. 

Now A=Aj 

G=fxB+gx*A, 

D=:fxG+gx^By 

• . « . 

.-. 8=A+B+fx{8-A)+gx*8', 
. A+B^fxA 
•• ^- l^fx-^gx^ • 
Similarly we may show that the sum of a recurring series of 
the third order (the scale of relation being /+^+^) is 

A+B+G'^fx{A+B)'^gQi»A 
1— /«— gia;'— AiB» ' 

and the student will easily see from this how to express the sum 
of a recurring series of the nth order. 
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Examples. 
(i) Findthesumof l+a?+32:«+7z»+17ar*+ . . . 
Here the scale of relation is evidently 2+1 ; 
. Q l+ic— 2j; 1— a; 

1— 2a;— a;« 1— 2ar— aj« 

(ii) Findtheramof l+a;+aJ'+3z»+5«*+9x»+ . . . 
Assume the scale of relation /4-^+^ ; 
../+g+h=.S, 3/+(7+A=6, .V+3(7+A=9, 
whence /=1, g=l, and A=l ; 

1— aj— aj*— aj» 
^ l-a;« 
~1— a;— aj«— aj»' 
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176. If we have one equation given between two unknowns, 
each of those unknowns may have an infinite number of values, 
for we may give any value we please to one of them, and then 
find the corresponding value of the other so as to satisfy the 
equation. If, however, we restrict the roots to be positive 
integers (and not zero), as we shall througJumt this chapter, the 
number of solutions will often be limited. 

FORM. ax+by=rc, a, b, and c being positive integers. 

(i) a must he prime to h. 

For if not, let them have a common factor r. 

Then this cannot appear in c (for we assume, of course, that 
the equation is in simplest form). 

Let a=spr and h=qr, jp, j, r, being necessarily positive 
integers. Then 

prx+qry=c; .'. j%c+g'y=— = a fraction, 

and p and q are positive integers ; 
.*. a; or y is fractional. 
And this is contrary to the restriction ; .*. a is prime to h. 



> 
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(ii) Ifh^Tche one pair of roots all the others can lef&und. 

For aaj+5y=c=a^+&i ; 
.*. a{x^h)=il){k—y) ; 

.«. ^=_Zi: and a is prime to 5 : 

.*. h—y is the same multiple of a that 2;—^ is ofh, 
.'. at=k^y and bt=x^hy where t is integral. 

Now since y is a positive integer i cannot be taken positively 
greater than — , and since 2; is a positive integer t cannot be 

taken negatively less than ""T"* 

The values which t is capable of receiving are thus limited in 
both directions, and the number of positive integral solutions of 
the equation is thus limited also. 

Cor. — It is evident that the roots are in a. p. 

(iii) JTie roots may he found by the method of continued 
fractions. 

For let ^ be the convergent immediately preceding | ; ' 

.'. ad^bn=dbl. 
Take ad^bn= +1 ] .*. adc^bncssc, 

and ax+hy=zc ; 
.'. a{x-^dc)+b{y+nxi)=0. 
This is clearly satisfied by x-^dc^bt, and y+tic^ —at ; 

.*. x=dc+bt, and y=nc+at. 
Similarly we may deal with the other case. 

c 
(iv) The number of solviuyns cannot exceed tt+I* 

k 
For t cannot be greater than — nor algebraically less than 
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than 

--■+-7-+1 solutions. 
a 

But this = — -J, — rl, and ah-\-ok^c ; 

.*. there cannot be more than ""r+l solutions. 

(v) a+6 cannot be >c. 

Let X and y each have their least admissible value, viz. 1. 

Hien aa5+5y=a+&, 

>c, and ^ fortiori in all other cases ; 
.*. the equation ax'\-hy=c has no positive integral solutions. 

FOBIL ax^hyssc. 

177. Modification of the preceding results : — 

(i) Holds equally for this form, 
(ii) We obtain x=h+btj y=k+at. 

Hence t is unrestricted in magnitude in ike positive 
direction^ and the number of roots will be unlimited, 
(iii) The same method of reasoning holds. 

178. If we have one equation between three unknowns, say 
ax+by+cz=dj we must write 

az+h/=zd^cz. 
Ascribe to z the values 1, 2, 3, . . . and obtain thus a series 
of equations of the form ax+byssc. 

179. We add two examples of the method of working 
practically. 

(i) Solve 7ic+15y=226 in positive integers, 

y-1 

•'• — o^=32— a;— y— =an integer=^ say; 
.-. y=l+7^, whence «=30—16i. 
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Now as we exclude zero and negative values for x and y^ t is 
> — ^ and <2. The only values which it can receive are 0.1, 
whence x=^ZO or 15, and y=l or 8. 

(ii) Solve a:jy+a;»=aj+3y+23 in positive integers; 
.'. y(a;-3)=ic+14-(a;«-9), 

17 

Now y being a positive integer -30 must be integral, and 

.*. a;»3=l or 17. The latter value is inadmissible, as we 
should have ^=1—0?— 2, which could not be positive for 
positive values of x ; 

.'. a;-"3=l ; .'. 05=4, 

and/y=17-6=ll. 



INTEREST AND DISCOUNT. 

180. Simple Interest. If M he the amount o/P£for n years; 
and r the interest on one pound for one year, Jlf=P(l+nr). 

For the interest on £1 for a year being r, 
„ P „ is Pr, 

„ n years is Pnr ; 

.-. M=:P+Pnr=zP{l+n/r). 

181. Compound Interest. If M he {he awmmt of P£ for n 
years; and B iJie ammnt of £1 for a year^ M=PB^. 

The amount of £1 for a year is B, and the amouiit of £1 for 
two years is the amount^ of B£ for one year. This must 
evidently be B times the amount of one pound for one year ; 
.'. the amount of £1 for 2 years=i{', 
so „ 1 „ 3 „ =i?», 

and „ 1 „ n „ =2J»; 

„ P „ n „ =P^; 

/. M^PB^. 
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182. If i> be the discount on P due a certain time hence, 
and 1 the interest on it during that time, 

11.1 

For since /is ^he discount on P+7, we have 

As P+/ : P : : 7 : /> ; 
.-. (P+l)i>=P7; 



Z)"" FI " P^T 
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183. The subject of Chances consists of two principal parts 
— Direct Chances and Inverse Chances^ — and in solving any 
problem it is indispenfuible to settle first, under which of these 
two divisions it falls. 

The nature of Direct Chances will be best understood by a 
careful study of its main definition, which is as follows : — 

If an event can happen in a ways and fail in h ways, all these 
ways being equally likely to occur, then the ^nce of its 

n h 

happening is . , and that of its failing is , , • 

The clause in thick type should be carefully noticed, as from 
neglecting this, many of the mistakes made in chances occur. 
The meaning of the above important definition we will exemplify 
by the solution of three problems* 

(i) What is the chance of throwing 7 with a pair of dice ? 
First we have to find the quantity " a" i.e, the number of 
ways in which 7 can be thrown; each die having 6 faces 
numbered from 1 to 6, we have the following cases : — 

1,6, 
2, 5, 
3,4, 
4, 3, 
5,2, 
6, 1. 
Six in all ; .*. a— 6. 
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Next we have (a +5), the whole number of ways in which the 
dice can be thrown. This is 6 x 6 = 36 (Art. 99) ; 

6 1 

.'.by the definition the required chance =0^="^ * 

Since all the numbers from 1 to 6 are equally likely to be 
thrown, the condition in thick type is clearly here satisfied. 

N,B, — Instead of finding a and h separately it is often better 
as above to find a, and (a+ft). 

(ii) m persons sit round in a circle. What is the chance that 
if three are selected at random no two of those selected are 
sitting next one another ? 

The total number of ways in which three persons can be picked 

out of m IS clearly T~q~s ' therefore is m this 

case the value of (a4-^)- 

Next to find "a." Let us first choose one of the three men. 
We can do this in m ways, and we may now remove the two 
men on each side of the one selected, as they are excluded by 
the question. We have (m— 3) men left, and we require to 
pick out of these two men who are not sitting together. 

Now the whole number of ways in which two men can be 

picked out of (m — 3), is ^o J ^^^ ^^ number of 

ways in which we can pick two men who are sitting together is 
(m— 3) — l=m— 4. Hence the number of ways in which we 
can pick two men not sitting together is 

(m-3)(m~4) (m-4 )(m-5) 

Thus it would seem that the number of ways in which three 
persons can be selected, so that no two should sit together, is 

m.(m— 4)(m— 6) 

o 

But this is three times too much, for to obtain any particular 
three men by the above method, say -4, J5, (7, we should first 

I 
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pick A and then B and (7 ; or we should first pick B^ and then 
G and A \ or first G and then A and ^, obtaining the same 
combination in these three different ways ; 

..a-^ 1:2 :and(a+ft)- j^^^g , 

. 1 (w— 4)(w— 6) 
.-. the chance reqmred= ^^_^^^^_2^^ ' 

This problem was proposed in the Mathematical Tripos, 1875, 
and the different points in the solution will repay careful study. 

(iii) If three points are taken at random on the circumference 
of a circle, find the chance of their lying on the same semicircle. 

Let n denote the number of points on a unit length of the 
circumference, so that n is as great as we please and becomes 
ultimately infinite ; therefore the number of points on the cir- 
cumference of a circle of radius r is 27mr. Hence (a-f^), the 
number of ways in which three of these points can be picked at 

random is 

27mr(27mr — 1) (27r7ir— 2) 

1X3 

Next, in how many vmys will any of these triplets he on the 
same semicircle f 

A semicircle is completely defined by its extremity, since by 
joining this with the centre we get the diameter. Thus the 
number of different ways in which we can take a semicircle is 
2imr, There are now (Trwr— 1) points left in our semicircle, 
and the number of ways in which we can pick out two of them 

at random is ^o 

Thus g^ ^^M™^-l)(^^-2) . 
.*. the chance required is 

3.2fl7ir(7mr— l)(7mr— 2) __ \ imrl\ imr) ^ 3 

27rnr(27rnr-l)(27rnr-2)"' /^ 1_ \U ?_ \"^ 

\ 7mr)\ Tmr) 
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since n is infinite, and /. in the limit — vanishes as compared 

with 1. 

The above examples have been chosen to illustrate the imiiy 
of vnethod in the solution of all problems of the direct chances of 
simple events. 

184. Chances of Compound events. 

^ Pii jP«» ^® ^^6 chances that two events will happen 
separately (calculated as above), the chance that one or other of 
these two events will happen is (p.i +Pi) ; for the compound 
event we are considering happens if either of the events happen, 
and therefore by the fundamental definition of the chance of this 
is the sum of the separate chances. 

185. To find the chance that both events vdll happen. 

Let " a " denote the number of ways in which the first event 
may happen, " 6 " the number of ways in which it may fail, all 
these ways being equally likely to occur. Let a', h\ be similar 
quantities for the second event Then (Art. 99) there are 
(a'\-h){a''\-b') ways equally likely to occur. In aa' of these 
both events happen ; in hh' both events fail ; in [cib'+a'h) one 
event happens and the other fails ; 

ClCb 

•'* / I 7>\/ '^h'\ ^® *^® chance that both events happen, 

hV ... 

(a-\-h){a'+h') " " ^*"' 

, ab' '\-a'h one happens and the 

(a+&)(a'+6')' " other fails. 

Thus, if we denote the chance that the two several events 
happen by jpi, j?a> w© 1^8,ve for the chance of both happening 
PiP^j of both failing (l--i>i)(l— JPa) > of one happening and 
the other failing, ^i(l—^a)+i5«(l—i5i). 

The above reasoning is general and applicable to any number 
of events. Thus we see that having determined the chances of 
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the simple events we may immediately solve any problem in the 
chances of compound events — taking care to remember that in 
order to find the chance of one or other of " w " simple events 
will happen, we must add the n simple chances, but that to find 
the chance of all the n events happening we must multiply the 
" 71 " simple chances. 

Examples. — (i) A purse contains 10 sovereigns, 4 half- 
sovereigns, and 8 shillings; and* a person draws out one coin 
at random, what is the chance that it is gold ? 

Now the required event will happen if he draws either a 
sovereign or a half-sovereign, and since there are twenty -two 
coins in all, the chance of his drawing the former is ^, and the 
chance of his drawing the latter is ^. Hence the chance that 
he will draw either the one or the other is |4~tT' 

(ii) A bag contains m white balls and n black ones, and 
(p+q) balls are drawn one by one at random. What is the 
chance that p of them are white and q black ? 

Suppose the balls are to be drawn in any assigned order, say 
first p white and then q black ones. Now the chance of drawing 

m 
one white ball is — -— ; the chance then of drawing a second 

white ball is — ; ^ : the chance of drawing a third white ball 

m-\-n — 1' ° 

is , o » and so on. Similarly for the black ones. Thus 

the chance of drawing the p white balls and q black ones in any 
assigned order is the product 

m m — 1 m — p-\-\ n n — q-\-l 

m-\-n m-\-n—'l"'m-\-n — ^ + 1 m-\-n — p'"m-{-n — p—'q-\-\ 

If we only want p white balls and q black ones in any order 
we must multiply the above chance by . . , the number of 



permutations of (p-f^) things, p of which are of one sort and q 
of another. 
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186. We may often make considerable use of simple 
Analytical Geometry in solving questions in direct chances. 
This method we will exemplify by two examples. 

(i) A rod of length " a " is broken at random into two parts. 
Find the chance that the sum of the squares of the broken parts 

is less than -7- • 
4 

Let X denote one part and y the other; ,\X'\-y=.a, With 

the usual notation of Analytical Geometry draw the straight line 

x-\-y=-a^ cutting the axes in A and B, Every point on AB has an 

" X " and a " y," which correspond to a division of the rod, and 

thus we may represent each division by the corresponding point on 

AB ; with this understanding that all points on AB are equally 

probable, since the rod is broken at random. Now draw the 

circle x^ +t/^ = -j- , and let this cut AB in CD. For all points 

of AB inside the circle, i.e. between C and D, the sum of the 

squares of the corresponding division of the rod is less than 

3a« 

-J- , and (7Z)=a— (as may be easily seen) while AB=a yy/2. 

Hence from the fundamental definition the required chance is 

aV2"'V2* 

(ii) Two points are taken at random on a given straight line 
of length a; prove that the chance of their distance apart 

exceeding a given length c(<a) is I j • 

Let Xj y, denote the distances of the two points from one end 
of the rod ; x and 7/ being capable of receiving any value from 
to 00 . Draw the straight lines «=« and y=a. These with 
the axes of co-ordinates form a square, any point within which 
obviously gives admissible values of x, y, and all such points are 
equally likely. But by Hyp. the difference between x and y 
must exceed c. Hence if we draw the straight lines ic— y=c 
and y—x^c, we shall get two triangular spaces outside these 
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lines and within the square, the sum of whose areas is [a—cYy 
and for each point in which the two points on the rod de- 
noted by X and y satisfy the required condition. Thus since 

the whole area is a* the required chance is I j • 

With the notation of the fundamental definition, we see that 
in the cases just discussed, the "a " and the *' 6" are both in- 



a 



QO 



finite, and that the chance ~~t\ takes the form 55- ; this fraction 

we are enabled to evaluate by the method of simple Analytical 
Geometry. It is essential that the number of quantities should 
not exceed two. If there be three, say the method of solid 
geometry is involved, but this is too advanced to be more than 
just mentioned in an elementary work. 

187. Inverse chances. 

In inverse chances an event has taken place, and we have to 
determine either the chance of its having happened in some 
assigned way, or that some other event will follow. 

Let us suppose that an event has happened which must have 
resulted from some one of n causes. If these causes are not a 
priori equally probable, let their a priori probabilities be denoted 
by Pa, P J . . . Pn- Also he/ore the event happened suppose the 
probability that the event would happen from the first cause 
is jpi , and so on for the others. After tlie event has happened the 
probability that it was the result of the first cause must clearly 
be proportional to the probability that it would happen as the 
result of that cause, i.e. to Pip^ Suppose it to be cP-ipi. 
Similarly for the other cases. But it mmt have happened from 
some one of the n causes ; and thus the sum of the probabilities 
of all the causes must be certainty, i.e. unity. 

c{PiPi+ . . . Pni?n)=l; .-. c= ^/p X ; 

, •. the probability of the first cause is ^^^ , and so on. 

MPiPi) 

We are now in a position to find the chance that a second 
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event will follow ; for we multiply the probability of each cause 
by the probability that the second event will follow from it, and 
sum up all such products. 

Thus we see that in inverse chances it is of the first import- 
ance to find all the possible causes from which the given event 
can have happened. An example will make this plainer. 

Ex, A bag contains n balls, each of which is equally likely to 
' be white or black j a white ball is drawn and replaced : find the 
chance that another drawing will give a white ball. , 

Here the a priori probabilities which we have denoted by 
Pi, P,, . . . Pn ^6 all equal, and therefore divide out in the 
numerator and denominator. We need not consequently con- 
sider these a priori chances here at all. Now there are n differ- 
ent cases to consider, since the number of white balls may be 
any one of the series 1, 2, ... n, the rest being black in each 
case. The probability of drawing a white ball (the observed 

event) in these cases is — ,—,—,...—- the sum of which 

n n ^ n ^ n 

. n{n+l)_w+l 

Hence the probability that there is one white ball is 
1 



n 2 



n+1 n(n+l) 



So the chance that there are two white balls 



2 2 
is 1—- and so on. The chance of drawing another white 

n(n+l) 

2 1. 
ball in the first case is therefore —. — — j-. .— : in the second case 
•^ n(n-J-l) n 

2 2 2 

. — , and so on. Thus the whole chance of drawing a 



w.(n+l) n 
white ball again is 

n(n+l) I J n on 



c^jrampleja!* 



ELEMENTARY. 

1. Factorize {ax+b)*—(bx+ay, x^+a'x'+a^ a7«-a^82a;« 
+243/, {a+hy+a+h—c-c^ ix^+y^y—^x^, x^+y^+z^' 
— Sxyz, 

2. Factorize a«(&-c)+&^(c-a)+c«(a-6). 

3. Factorize a8(&— c)+^>»(c— a)+c»(a— ^>). 

4. Show that (a+&+c)2- (J+c)'- (c+a)*-(a+&)» + a2 

6. Factorize x—a+ sjx— sja. What is the value of this 
expression if islx'\- f^a=—ll 

6. Factorize, without introducing imaginary quantities, x*'\-a^. 

7. Divide a?~*— ^' by ic~*— y"* and x^-^y^ by x^^xf*, 

8. What is the remainder when a:*— 05* +05*— a? +1 is divided 
bya;-2? 

9. Divide x-y by V^- V^^ 

10. Divide jc^+a?*— aj+2 by 1— a;+a;'. 

11. Divide l+5a; by l+aa?, writing down the nth term in 
the quotient. Bemli^ nth term=(--l)«-*a'i-8(^>— a)a;«-^' 

12. Prove that 1— a — a+a' is always positive if a is real. 

13. Prove that (y+«2)« + (z+aa;)3 + (ic+ay)» 

— 3(7/ + a2)(z + oic) (a: + a^) = (1 + tt'*) («* +y* +2^^ — 3a;y2;). 

14. If a?*+^* + 2* = l, and aa?+&2/+c2=0, show that 
a(6*+c2)y2+i(c* + «')aJ2:+c(a'+62)iK2/+a^>c=0. 
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15. If a?4-y+2;=0, and a;y(a+&)+2/464rc)-hz:c(c+a) = 0, 
prove that ax"^ + ly^ + C2* = 0. 

16. If «, y, and ^ be unequal, and x^ -\'y^ -\-(my=^y^ •\'Z^ •\-ayz 

=z^-\-x^+azx, prove that either of these expressions = 

x'+y'+z^ 



m 



17. If m=2»» prove (a;*— x+l)(a;*— ic=^ + l) . . . (x'^—x^+l) 

__x^^+x^+l 

~ x^+x+1 

18. Prove 

(aft + cd) (a« + &« - c^^ - c?*) - (ac + &e?) (a^ - 62 + c^ - e?2) 

= (a+c?)(5-c)[(a-^)« + (6+c)«]. 



a. C. M. AND L. C. M. 

1. Find the G.o.M. ofaa;8_(ot« — l)a;« — a^andic^ — (a^ — l)a:— a. 

Result, x^a, 

2. Find the g.o.m. of a«— 5^+25— 1 and a«-a&+6— 1. 

Result, a— 5+1. 

3. If x—a measure a;^ + 3a;4-2 and «*— 2ic+4, prove that 
5a- 2=0. 

4. If a;—" 2 measure x* + oic* + h and a:* + &«+ a, prove 2a = Zb. 

5. If -^ = 4- prove that 

b a 

G.c.M. of {a+b) and {a— 5)__l.o.m. of (a+6) and (a— 6)_ /^ 
G.c.M. of (c4-c?)and(c— c^j^L.c.M. of (c4-(^) and(c— a)""'^ ^' 

6. If 4 be the g.c.m. of 7W+n and m—n, the g.c.m. of m and n 
is 2 or 4 ; if the former, — and -jr are both odd ; if the latter, 

then of the numbers — , -j- one is odd and the other even. 

4 4 
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7. «:*+«+ 17 ax^'\'hx-\-c^ a*a?*+5*a?+c% are three quantities. 
The G.c.M. of the first and second is x^p^ and that of the first 
and third is «— g. Prove that {a+^)9'=(«+c)p- 

8. If the L.o.M. of a and & be m times that of c and d^ and 

the G.c.M. of a and ft is n times that of c and d. prove — =c(f. 

mn 

9. «— 2 is the G.c.M. of x*+ax+2b and x^+bx+c. Show 
that their l.c.m. is {x+a+2)(x^+hx+2a). 



FRACTIONS. 

1. Prove that 

t/h 7. 7^8/ /.a/ — j^={a+h){b+c){c+a). 

a*(&— c)+6''(c— a)+c*(a— 6) 

2. Prove that 

= (6«+6cH-c«)(c*+ca+a*)(a«+aft+5«); 

3. Prove that 
he ac ah 1 



a(a«-6*)(a'»-c«)^6(6*-a«)(6«-c«)^c(c»-6«)(c>-a^) ode 

4. Reduce ay-+y;)+^y(a'+^;) to lower terms. 

06(85'— y')+ay(a*— 0') 

5. Prove that —^l^+^-^^^+^^^^S^=l. 

6. lfad=6cthen^f£+A+i.+i]=i-44+-+^ 

ocyj j? n mj ma no pc qd 

*T a' rr m*+mn+n^ w*— n* 

7. SimpMy — -!— — i— x-i r- 

(m+w)* . m*^n^ 
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9. Prove that 

(n*-n^+l)(n^-n*+l)...a<^ m/ = '' + ^+^. 

o 

10. Given a!+y+«=0, prove ?!±^±l'=?l±|^±^.a!y?. 

11. Simplify _n^lt_-L ^^^"^ ^^ and hence find the value 

of n terms of the series of which these are the first two terms, the 
third term being i^-ZL-Z, the fourth — ^ — "" \ . and so on. 

_ a c e ^r ac-^ge ae-^-cg 

13. If -=!-=-= . . . then wiU 

a c 

x*+a^ y«+ftg z*+cy 
x+a y+b z+c 

^ (x+y+z+...y + (a+b+c+...y 
(x+y+z+...)+{a+b+c+...) • 

14. If abc . . . hkhe n quantities, such that 

X a b h k 

— ="r==^ — = • • • T^ — .snow that 
abc k y ^ 



(x+a){x+b) . . . (x+k) 



=(f)- 



15. Prove that 
<l-y«)(l-gO+3^(l-gO(l--a;«)+<l-a;«)(l-^«)-4a:yg 

= 1 — icy — y^; — ac. 

26a;0* + 3a«+ 26(a:— 2c ) 

16. If o — o . 01. I Q / o~\ be constant for all values of z^ 

Qayz*+2bz+oa(y-^3c) 

. ... 46c + 3a 26a;- 46c 
*^®^ ^^ 26+95'c=3ay-9ac* 
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INVOLUTION AND EVOLUTION. 

1. Find the expansions of (a— 5a;+cx^)^ and (a— 5a;)^ 

2. Find the square roots of the following expressions : — 
(i) l-2ic+3a;*-2a;8+ic*. 

(ii) (aV+c«)-2(a5aj''+ceZ) + (&'a;'+e?')+2(a-5)(c-^)a:. 
(iii) (aj-y)*-2(aj'^+2/^)(ic-y)2+2(a;*+y*). Bemlt.x^+yK 

(iv) Vx*+4: V^+4 V^+2 '>v^^ -h VS+4. 

3. Find the cube roots of the following expressions : — 

(i) a«-6a'^+15a*-20a»+15a'-6a+l. 

(ii) —(x' -Sx'+6x*-7x'+6x^—Sx+l), 

(iii) {x^+i/^y+{x^-'y^Y+6x^{x*-i/*). EesuU, 2x\ 

(iv) x+ ^|^+^{ ^^■'"ly^)* 



SUEDS AND IMAGINARY QUANTITIES. 
1. SimpHfy 

1 ^,_,i_ ._i_4 ' 



Result^ 2. 

2. Simplify 

1+^^(1- V2)i-Viri(i-V2), 

1_ V-l(l- V2)H- V-l(l- \/2) 

3. Find V8+2VT5, V30+ 12^/6, V21+4V5^ 
V10V7+22, and ^/99- 70^/2. 
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4. Show that (1+ V^>+(1+ V^^)"+^ + (l+ V-l)**^' 

+ (1+ V^'*+*=5 V-^(l+ V-1)^ 

5. Simplify 

xy—x^fsJ—\ y*— 2iC2/ V — 1 2x—y\/—l 
a;y--2a:* V—1 y^+2xy^/—\ ic— yV— 1 

2m+{x^—y^)^/^i „ , , 



6. Prove that 

^-^. V(w(^)*.(ilii,)'=a+«).. 

7. Show that 1— a&+ VT+o^— a VI +6* 

= (!-«+ Vl+^)[l-J(l-a- Vr+^)(l-5- VT+P)] 

a^^.— a=-|(l— a+ Vl+a«)(l— a-Vl+a^), 
and hence simplify the fraction 

l—ah+ Vl + fl^-g Vl+6' 

Q a- Tf ^'+ ^2ax+x*+a+x 

9. Prove that the product of any number of factors each of 
which is of the form a+ft V— 1 is of the same form. 

10. Express with rational denominators 

1 2y7jh7jy/2 1 a+h^/:^ 

V3- V2' 3V7+7V3' ^/2+^/S' c+d^/^l 

11. Show that /Q^i — ^^9 — /o I — /q ■ -I and that 

either of these fractions may be written (aJS— V2)( V^— !)• 

12. Given x= a/ci find the value of 



4:a^{a+xy4ia%a-'xy2a^(a^+x^) 
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13. Ifa= I ^ , 

Find the value of (a; — • 1 ) (« — a) (a?— a* ). Bemlt, x' — 1 

14. Simplify (2a._6«)V2 ^b~^2^' 

15. Prove that -3^^-^-^^= V^- ^. 



EQUATIONS And questions INVOLVINa THEM. 

1. — \-- — =-= «=— (a-ft+c). 

(w^ax bc—ox ac—ax a 

o 4a:-17 , 10a;-13_8aj-30 , 5a;-.4 _^. 
o a?-4 g;-2_ 2a;--7 2a;-3 _oi 



^ mts/ c^—x^+nic—x) ma+nh a*— ft* 

^ ^ ' ^ ? ss ' x^!^Cm or c. 

' m^Jc*'-x*—n{c^x) rna—nh V+ft« 

Va;— A^l+a; 
6. Va-h VaM-ai+ ^ 



'^fa+Vc^+ax— A/a 



=a « 



="r(^")'-'] 



^ (l-a;)(l+fl«) ^ l~a;+a;' 
(l+a;)(l— a«) l+xH-a:' 



a;=a. 

^ \ y \ ^ 



8. aa;+fty+C2=0, aj+v+2=0, and , .-4 ^ 1 — - — - 

1 

-(6+c)(c+a)(a+ft)* 

^'"^^^^ '■"(a+ft)(&+c) + (ft+c)(c+a)+(c+a)(a+ft)' 
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9. a^2=(?», Qcyw=c^y xzw=b*, yzw=a*. Result^ 35=—^. 

10. ax+cy+hz=icx+by+az 

11. x{y+z)=Lay y(z+x)=h, z(x+y)z=c. 

^^ / (a+c-6)(a+ftIT) 
V 2(6+c-a) 

12. aaj+%+c2+c?iy=e, a"a;+&'y+c'«+d*it?=c«, 
a*aj+6*y+c*2+(^M?=e^, a*x+b*y+c*z+d*w=:e*, 

a(a— &)(a— c)(a— (i) * 



13. Ifa.+a(.,+l)=£+J+l. 
and a»+afa»+— ^=-+— +1, 

show that d^+af W2;-| )=— H hli provided y and 2 be 

V yz) z y '^ . ^ 

unequal. 

14 (a;«+v')-=— (a;._«.)ii=?l a: =±4 or etc. 

i-*-K^-^y)y 3 , (« y^a; 4 y=±3 or etc, 

16. If oa: — Jy=l, and oa:^— 5y*= 7 , prove that ax^—by^ 

17. If aa:+5y— 2, and ad:«+5y«= — r- , prove that 

/»n+i4.jn+i 

"^ {abY 
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X u z 

18. K — r— =«, —7— = ^> — i — =c, find the relation be- 

y + 2 Z-\-X X+7/ ' 



tween a, b, and c, and prove that 



x^ v^ z* 



- _?:_-- 



a(l-ic)""6(l-ca) c(l-a^) 



iQ . 5 1 ,1 ^1 61 3 2 

2 3 
y=— gOr^- or etc. 

a(c-eZ) cZ(a-^)__5(c-J) c(a--6) 
x+a x+d x+o x+c 

^ cd-^ah 

a;=0 or 



21. :r2+^(a:+l)=4,3^^+a:(y+l)=2. 

^m^.— Find (a; +3^) =2 or —3. 

22. ^Jx'+^x+b+ Vic2+3x+f2=7, a;=l or -4. 



23. ««— 3^=^ = a% a:2+a^=Z;% a;=± 



V26*-'a« 



24. m7ix' + (n'^--m2)a;— W2W=0, a;=— or 

25. (ic+ay^-2%+&)=a-y-aft=(y+6)»-2a(a;+a) 

a+46 6+4a 

^=--3- y^ — 3— 

26. Is (6+c— a— a;)*(5— c)(a— x) 

+ (c+a— 5— a:)«(c— a)(5— aj) + (a+6— c— a;)2(a— 5)(c— a;)=0 
an identity or an equation ? An identity. 

27. «2/+a»+2' = 103, y2+a;y+a;« = 64, za;+2/z+y* = 89, 

aj=3, y=5, 2;= 8, or etc. 

28. 2^/a4^-3Va;+l + (ic+l)=0. Show that a; =0 or -1, 
and account for the appearapce of the rejected value 16. 
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29. a:;y+iC2?— aj*=a*, y^+a^— y* = ^S arz+yz— 2* = c*. 

30. a;2+icy+y2=c% x^+xz+z^ = ¥, t/^+yz+z^=a^. 
FroYext/+7/z+zx=Aj{i{2a^b*+2b^c^ + 2c^a^--a*-'b*-'C*)} 

and solve the equations. 

^m^. — Assume xy+yz+zx=zA, and a;*+y'+2:'^=5, and 
obtain two equations 

(A + 2B)=a^+b^+c% and 

(B+2A)(B-A)=a*+b*+c*-a^b^-bH^''C^a\ 
whence A and B are found. 

31. Vic«+aic+a« + V«'-aa;+a«=V2(a2— 6^), 



^ a«-2ft« 

32. V2aj=*-4a;+l + Vi*-5aj+2=V2a;''-2aj+3 

, ±V5-1 

+ Vaj*— 3a;+4, a;= — 1 or ^ 

33. From the equality of three fractions, each of which is 

ax-^by-\'CZ-\~d 
of the form ^ , obtain equations of the form 

P 2 ^ * 



34. If the two values of — found from ax^+2hxy+hy'^ = 

V 

be — , — , prove that - , =2-^=— :i — _ -^ . 
yi ya ' ^ b a —2h 

35. ajjajj are the roots of «*+2paj+5'=0, yxy^ the corre- 
sponding values of y found from ajy+j?y+5a:+a=0, show that 

K 
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36. If XxX^ are the roots of a2;'+^+<?^0, form the equations, 
(i) with roots — and — , (ii) with roots Xi+x^ and aji— a;,. 

X\ Xf 

37. x*+piX+qi=Oy x*+p^x+q^=0, x*+p^x+q^ = 0, 
are three equations, each pair of which have one root common, 

Bhow that (p,+p,-p,)^^+^-^y4. 

38. x*+px^+qx+r=zO and x*+rx^+px+q=iO have two 

roots common, ^how that their sum is —^ , and their product 

r—q 
p—r 

39. x*+px^+qx*+rX'\-l=0 and x*+rx^+qx^+px+l=:0 
have a common root and the symbols are all positive, prove 
that j>+r=2'+2. 

40. No real value of x can make the sign of ax*+2bx+c 
diflfer from that of a if oc— 6* be positive. 



1.1.1 



c' 



41. If for all integral values of n — hxH — = — nrr 

11 1 ^ 1 

then wiU ^an+i+ 52*1+1+^271+1 (^a+b+cy^+'^ ' 

42. Eliminate 2, m, n between 

la+mh+nc=0, lx+mt/+nz=Of lu+mv+nw=zO, 

43. Eliminate x, y, z between 

(a?+y)8=4c«a:y, (t/+zy=^a^yz, {z+xy=iU*zx. 

BemlL a«+6«+c*±2aic=l. 

44. Ifa:=5y+C2, y=aa?+c2?, 2:=aa7+2iiy, show that 

1 4- > + 1,=2. 



l+a^l+&^l+c 
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45. Eliminate x from 

a—x h a+x 



1 + y 1+x x{l+y) 
46. Eliminate x, y, z, between x+z=y, {a+b)x+{b+c)z 

= (a+c)y, abx+bcz=l+acy, {b—cyxi/=:Szl—+j+—j' 

MesulL — TT-H — ^'o"* 
a CO 



SERIES. 

1. Find the sum to n terms of the following series : — 

(i) 1+2+3+... (ii) 3+5+7+... 

(m)— -^+l + -I-^+... (iv) — +I + I-4.... 

x+y x+y y x 

(v) a;P+a*+«+a*+«'+... (vi) aJ2+2+ V^+... 

(vii) 1.2.3+2.3.4+3.4.5. + ... 
(viii) 3.5.7+5.7.9+7.9.11+... 

2. Find the sum to n terms and ad inf. of 

') 3 + 3 + 6+- ^''^ U+2A+U+- 

^""'^ i:4+2:5"*'3:6"^"" ^'^^ 3X7"^7:9J1'^11.13.15+- 

3. Insert 3 a.m. between 3 and 4, and 3 g.m. between 2 
and 32. 

4. The nth term of a series is 5n— 1 : write down the first 
three terms and find the sum of ^ terms. 

5. The sum of n terms of a certain series is n^, find the series 
and the nth term. 

6. Pi q^ r are the nth, 2nth, 3nth terms respectively of a q.p. 
Prove j?r=gr«. 

7. If a, 6, c are in h.p., then 

&\a--c)«=2[(6-a)V+(c-6)V]. 



ij8 examples. 

■ 

8. The j9th term of an a. p. is — and the g'th term= — Show 

q p 

that the sum of pq terms is ^^^ • 

9. Sum to n terms (i) l*+4'+7*+... 

(ii) 1.2^3 +2.3«.4 + ... Hint nth term 
= H(n-l)n(n+l)(n+2)+n(n+l)(n+2)(n+3)}. 



10. a, 6, c are the j?th, g'th, rth terms respectively of (i) an a.p., 
(ii) a G.P., (iii) an n.p. Show that in the first case (j— r)a 
+ (r— jo)6+(/)— 5^)c=0; in the second case a^-'^h'^~^(f^=^\\ 

and in the third case ^^ — l^IT^-l^ZI^^o. 

a h c 

11. The Arith. and Harm, means between two quantities are 
Ai, H^ respectively ; and those between two other quantities are 
^2, E^. Show that AiHi+A^Ei>2EiH^. 

12. Show that the sum of the terms in the nth bracket of 
l+(3+5) + (7+9+ll)+(13+15+17+19)+ ... is n«, 
and hence find the sum of the cubes of the first n neutral 
numbers. 

18. a^, 6*, c*, are in a.p., show that h+c, c+a, a+5, are in 
n.p. 

14. Si is the sum of an ordinary g.s. of 3n terms ; S^ the 
sum of the same series with alternate signs. The first three terms 
of the first series are added, and this sum is multiplied by the 
sum of the first three terms of the second series ; the sum of the 
second triplet of the first series by the sum of the second triplet 
of the second series ; and so on, thus forming a third series of 
n terms, the sum of which is S^^ Show that 

* - = . or 7. ' , according as n is even 

or odd. 

16. Ml M^ . - * Mn are the sums of m consecutive terms of 
a G.s. beginning with the first, second . . . nth respectively, 
and Ni i\^2 • • • ^m of n consecutive terms of the same series 
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beginning with the first, second ... mth respectively. Show 
that itfi+ M^^ . . . +itf„=JVi+iV^2+ . . . +iV^. 

16. Between each of m+1 pairs of quantities (a;, y) (x, 2ij) 
(Xj 4y), etc., are inserted m geom. means, and Mi M^ M^ . . . 
are the nth means respectively : prove that 

M^ M^ 

17. Si^Si.S^ ... are the sums to n terms of n geometric 
series, each having unity for the first term, and the common 
ratios being 1, 2, 3 . . . show that 

Si+S, + 2S,+SS,+ . . . +{n-l)Sn=l''+2^+^'^+ • . . +n^ 

18. If the common difference of a series in a.p. be double the 
first term, show that the quotient obtained by dividing the sum 
of any number of terms by the first term is a perfect square. 

19. If /S^ denote the sum of 2+5aj+8ic*+lla:''+ ... to n 
terms, and s that of l+x+x^+ ... to (n— 1) terms, show that 

l+(3n-l)a;^=3(l-ha»)-5(l-x). 

20. If a, &, c are in h.p., then a, a^-c, a—hj and also c, c—aj 
c—h, are in h.p. 

21. If the mth term of an h.p. be n, and the nth term m, then 

will the rth term be — . 

r 

22. The sum ofp, q^ r terms of the series of the same a.p. is 
P, Q, R respectively : show that 

r^(r-y)+^0'-r)+^(2-i,)=0. 
"p <l r 



RATIO, PEOPOETION, AND VARIATION. 

1. \i^Jh.JbL^ . . . Jhr} then each of these is equal to 

Ci\ CL^ CL% OLr 

1 J_ 1 

Qq*' +flgi*-^ + qa*'"^+ » « » +qr-i . 

1 _1_ _!_ 
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2. Show that the sum of the greatest and least of four pro- 
portionals exceeds the sum of the other two. 

3. If :>; be to y in the duplicate ratio of a to 6, and a to 5 in 
the Bubduplicate ratio of a+^ to a— y, show that 

4. If X, y, z, . . . are not proportional to a, 6, c, . . . show 
that the ratio of oc+y+z-^- ... to a+h+c+ . . . lies between 
the greatest and least of the ratios x:a, y :b, . . . 

5. If each of two quantities vary as a third, show that the 
geometric and harmonic means between them also vary as the 
third. 

I 

6. If y 00 Va^—ic* and =b when a; is 0, find the equation 
between x and y, 

7. If Vyoo jsjk— \fx and = V^ when a? is 0, show that 

^ ^^^ A; 

8. (a4.54.c+<f)(a— 6— c+^) = ((i— &+C— eZ)(a+&— c— c?); 
prove that a, 6, c, d are proportionals. 

9. li a, bj c, df . . . are quantities such that a; oo as any one, 
when all the rest are constant, then will x oo abed . . . when 
they all vary. 

10. If X vary as — , a as --, 5 as — ... 'A as - — and A; = 1 

when «=«'—, n being finite, show that a;=(A»)i^. Why is it 
specified that n is finite ? 

11. A patient would recover from illness by taking p grains 
of a certain medicine daily for nine days, but prefers taking p 

homoBopathic globules daily, each of which contains — grains. 

p^ 

He then recovers in pq days. Compare the efficacy of his 

imagination with that of the medicine. Resvlt, ^*-* — 1 : 1. 

12. One root of each of two quadratics varies as a, and the 
other as 5, the sum of the roots is 8 if a=l and 5=2, and the 
product of the roots is 12 if a=2 and 5=1. What are the 
aquations ? 

Remit, (a;-2a)(^x-S6^=0 or (a: -6a) (a;- 6) =0. 
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PERMUTATIONS AND COMBINATIONS. 

1. Prove, independently of the Binomial Theorem, that the 
ioUd number of combinations of n things is 2'*—!. 

2. If there be (n+1) different sets of n things, of which there 
are two kinds, and the first set consist all of one kind, the 
second set of n— 1 of the first kind and one of the second kind, 
the third set of n— 2 of the first kind and 2 of the second kind, 
and so on : show that the sum of the permutations which can be 
formed by taking all in each set together is 2". 



n 



3. Find n from the equations (i) •*Pa = ^-*A- 

(ii) «(7n-, : «'»a,„_, :: 3:44. 

4. In how many combinations of n things r together will at 
least 2 of any given 3 occur? Ee^t^ 3.'*-«C;-i+**"*Or_8. 

5. There are m quantities a, b, c, . . . and n other quantities 
X, y, Zf , . . How many combinations can be formed with r of 
the former and s of the latter, where each combination contains 
a but not x ? 

6. Ifj0j/)8 • • • pn denote the number of permutations which 
can be formed of n things 2, 3, ... n together respectively,' 
and their product be denoted by P, prove that 

7. If the number of combinations of n things p+q together 
be equal to the number of combinations of n things p—q 
together, show that n=2p. 



BINOMIAL THEOBEM. 

1. Find the middle term of (a— a;)*'* in the form of 
1.3.5.. (2n-l)^,^^), 

|n_ 

2. Show that no odd powers of x occur in the product 
(1 —x+x^ — x'-h . . .ad inf,) (1 +X'\-x^ +x^ + .,,ad in/,) 
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3. Find the sum of the squares of the coefl&cients in the ex- 
pansion of (1+a:)^ where n is a positive integer. 

^m«.— Let (l+a;)'»=/(a:) and .-. /'l + lV^ /^(— )• 

Multiply these two together, etc. 

(\ \4n+i 
X 1 



on n+l 



5. Prove that 
x^ 



6. If /(«)=(!+*)» prove that-^^^^^) 

=/(0)^a)+/(l)/(2)+/(2y(3)+ . . . +/(„-!)/(„). 

7. Find the term in the expansion of (1 +«)" whose coefficient 
is double the preceding one. Result^ the 5th. 

8. Show that 

4.7...(3r+l) 4.7...(3r-2) 5 , 4.7...(3r~5) 5^ 
|r ^ |r-l 1"^ |r-2 '1.2 

5.8...(3r+2) _ (r+l)(r+2) 
+ . . . H r:; -d g 



5*71^. — Expand (1— a;)""* and (1— a)" etc. 

9. If m n be the $th terms of the expansions of (1— aj)~ and 

3 

(1— ic) respectively, show that n=(2^— l)m. 

n— 1 

10. If r is numerically greater than , n not being a posi- 

tive integer, and R denote the (r+l)th term in the expansion of 
(l+aj)**, show that the error arising from taking the sum of the 

first r terms to represent the sum ad inf. is<3 ,j^ "^ J . 

l+r(l+aj)— naj' 

X being a proper fraction. 
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11. Show that 

12. The coefl&cients in the expansion of (l+a?)** where n is 

not a positive integer are Pip^p^ . . . show that 

\2n 
(0 Pi +PiPi +PiPz +i>8i>4+ . . .ac? »V- = 1 = 



jn+l |n— 1 



2n 
(ii) p^ +PiPz +Pai>4 +i>8i'6 + . • . ' 



w+2|w-2 



(ill) Pr+PiPr+i+P9Pr+2+PsPr+i'" =, !== 

n+r n— r 



13. If N be the integral part of (7+4V3)^ show that 
N^2^n+i^l is a multiple of 6. 

14. If iV^be the integral part of (2+ V5)^ show that N and 
2^+* end with the same digit if n be odd, but with two consecu- 
tive digits if n be even. 

15. Show that the integral part of (^7+^6)*"* is odd. 

16. Find the term involving «« in the expansion 
(«—«*— a;«)*. 

17. How many terms are there in the expansion of 
{a+h+c+dy, 

18. Find the term involving ic' in the expansion of 

(a+bx+cx^) 



INDETERMINATE COEFFICIENTS. 

1. If {l+xv){l+x^v){l+x^v) . . . {l+afv)=l+AiV 

+^2^'+ • • • show that ^r=^r_i X— v— ^ , and hence prove 
that the given product 

^^1-0?^^ (l-.a;)(l-a:«) ^^ + • • • 



154 EXAMPLES. 



2. From the preceding theorem deduce the Binomial Theorem 
for a positive integral index, and explain why this limitation is 
here necessary. 

3. Show by partial fractions that the coefficient of x^ in the 

. . 2a . 1 ,, , ,, , 
expansion of ^^-, is — ^-{l + (_l)n}. 

on 

4. Separate into partial fractions , 2 i lu „ i\2 *^^ show 

that in the expansion the coefficient of a?^** is 

J{(2«+l)+(-l)»}. 

OL on 

5. Separate into partial fractions' —^ \ and -— - — - • 

6. Eevert the series 

(i) y=.x~+~... Remit, x=y+y^+^+,,, 

/••\ x^ a?* T» 7j V* 3t/* 

(u) 2^=ar- -+--... Re8ult,x=zy+^+^ + ,., 

x^ x^ t/* t/" 

(iii) y=a?— 2+-g— ... ResultyX=y+-^+-Q-+.,. 

7. Separate into partial fractions 

1 a? , 2a;+3 

Ta » and 



{x-iy(x+iy' {x+l){x+2y' (a;+2)«(a;-4)« 

8. Show that r+2«+3«+...+n«=-g-+ J+^-^. 

9. If On-ij On J ^+ij 1^6 three consecutive coefficients in the 

1 I 2a? I Sx^ 
expansion of ■i^o~_q 2 j prove that a„+i=2a„+3a^-i. 



CONTINUED FRACTIONS. 

1. If "'-^^ -^ -^-^ii be any three consecutive convergents 
to V^M^, show that ^^'^'""^^"' = 2a. 

Pn 



EXAMPLES, 155 



2. Find the first three convergents to the greater root of 
a:«-2a;-2=0. Besdts, 1, |, ^. 

3. — ;- ,-^ — r- ,— J- is a continued fraction, show that 
a+ 0+ a+ 6+ ... ' 

h times this fraction, together with its square, is equal to — • 



4. If — denote the nth convergent to v «^+l, show by the 



method of induction that 

5n ^ '(a+ Va'+l)~-(«- Va*+1)"* 

5. Show that the partial quotients of 

(i) >y/5 are 2, 4, 4, 4, 4, . . . 
(ii) V6 „ 2, 2, 4, 2, 4, . . . 
(iii) V7 „ 2, 1, 1, 1, 4, . . . 
and hence obtain the first five convergents for each root. 

6. What convergent not having more than three figures in 
the numerator, approaches nearest to the value of \/lO ? 

Result, the 4th. 

7. If ^ be the rth convergent to a given fraction, and qr the 
rth partial quotient, show that 



\W2+(^2 7l8+C?8 ^4+<^4 ' / 



o «. , 1^:...^ ^ 14863^ , , 1 

8. Show that yj differs from Too^o by less than Yqn • 

9. Each partial quotient from the third inclusive being p, and 
s being the sum ad inf. of the numerators Wi Wg . . . of the 

first, second, . . . convergents: show that 2>=-^-'-—^ • 
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10. Nn is the numerator of the nth convergent to -i * 



show that -^n=^n-^n-i+«n'^n-2« 

If the given fraction were 

^— ?^ then iV„=5„iV„»i— fln^Va. 
Oj O2 — • • • 

11. Show that the nth convergent to -j^^ "o" o" ^® ~XT * 

12. Show that 

\ ^2a+ 2a+.../ ^ 2a- 2a-.../ 

13. If a:=the infinite continued fraction . 

a+ fe+ c+ a +... 

and y=the infinite continued fraction c H ^\^^% 

fe+ a+ c +... 

being the roots of the quadratic obtained from the first, and 
^1 , yj the roots of the quadratic obtained jfrom the second, show 
that aji +a;j = — (yi +ya) and x^x.^ =^1^2. Hence prove 

l + 5c 

14. Show that the ratio of the infinite continued fraction 

11 ... . 11 

a-\ — i to the infinite continued fraction 54 



a+ a4--«- ^+ ^+ 

IS , - 

6-1- v62^.4 

15. Two scales are placed together, with their zero points 
coinciding, and 123 divisions of the one are just equal to 100 
divisions of the other : show that the divisions which most nearly 
coincide without actually doing so are 123m +16 on the one, 
and 100m-|-13 on the other, where m may be or any positive 
integer. 

16. Mercury makes its revolution in 88 days and Venus in 
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252 days : show that the former will have made very nearly 23 
revolutions while the latter has made 9. 

17. Prove that f-L 1- \%U +— J- ^^ A . 



INEQUALITIES. 

If a, 5, c, etc., denote unequal quantities, show that 

I. (a*+6*)(6*+c*)(c*+a*)>8a*6*c*. 

2 2^^ 

>(2a6c)«(a«+6«)(5«+c«)(c*+a''). 

4. a«+6»+c«>3a6c. 

5. a* + 6*+c*+(?*>4a6cc?. 

7. V[7<4. . 

8. (1 + a)* > 1 + 4a(l + a) . 5iiw^. — Consider the first four 
powers ©/"(l+a). 

9. J 1 — — — I >(_!IIL| . Hint — Consider 7W quan- 

( n{a+h)) \a+hj 

tities each equal to (a—h) and (n— m) each equal to (a+6). 

10. {^' }">(!«)•. 

II. a»+7-3(5«+c«)>3a«-a5«-ac^ a being>3. 

12. a and 5 are the first and last terms of n terms in h.p. ; 

n 
show that the sum of all the terms is less than (a+b) -— . 

13. Ifa+&+c=l, then will /'i-iyi-lVl-l^>8. 

14. If a+h+c+d+e=:0] then will 

{a+h+c)(a+b+e){a+d+e){c+d+e)>l&hcd\f^^ 
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NOTATION AND THEORY OF NUMBERS. 

1. Express the number 2378469 in the quinary scale. 

Bemlt, 1102102334. 

3 . 

2. Express -=■ in the senary scale. ResuU^ .23. 

3. Multiply 4376 by 6734 in the nonary scale, and verify 
the result by converting them into the decimal scale, multiplying 
and reconverting the product. 

4. If a number be expressed in the scale of R by the digits 
a, b, c (c being that in the unit's place), and in the scale of r by 

— — J j it being 

given that &*=4ac. 

5. Show that the difference of two numbers composed of the 
same digits is divisible by the highest digit in the scale. 

6. Prove that 441 and 144 are both square numbers in any 
scale whose radix is > 4, that their difference is divisible by the 
numbers next less and next greater than the radix, and that one 
of the quotients thus obtained exceeds the other by 6. 



7. If N be the sum of two squares, prove that so likewise is 

8. Prove that if the Ivkstp digits of a number are divisible by 
2^ so is the number. 

9. Prove that (i) n(n+l){2n+l) is divisible by 6. 

(ii) 72n_50n+l „ 100. 

(iii) 2»*»-7n-l „ 49. 

10. If n be any prime number > 2 except 7, n'— 1 must be 
divisible by 56. 

11. If -AT^be prime to 40, N* must be of the form 6w+l or 
8n+l. 

12. If m, n be prime numbers, and prime to N, show that 
^mn(m+n-9)_i jg divisible by m^n^. 
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13. If P be the smn of the odd terms, Q of the even terms, 
in the expansion of (2+ V^)***? show that P*— 0* is of the 
form 37n. 

14. If f72 be a prime number, and prime to JV, show that 

iV^'"'^'-'*'*- 1 is divisible by n^^K 



15. If n be prime to 3, then either n*— n— 2 or n'+n— 2 is 
divisible by 18. 

16. Show that the 'product of all the divisors of 0^6* where a 

(P-H)(g+1) 

and h are prime numbers, is (c?}fi) * 

Extend this to the case in which any given number is separ- 
ated into the product of powers of three prime numbers. 

Hence if n be the number of divisions of any given number N, 
and P the product of all the divisions, show that P^=^N\ 

17. Find the smallest value of x for which a;'+a;.+41 is not 
a prime. 

18. a+25+4c is of the form 8p, and a, 6, c are the last three 
digits in a certain number (a in the unites place). Show that 
the number is divisible by 8. 

19. From Wilson's Theorem show that Mp be a prime > 2, then 



-! Q > +("■!)* is divisible hj p. 



20. If a and h be prime to each other, show that no two of 
the quantities a, 2a, 3a, . . . (&^l)a when divided by h, «an 
give the same remainder. 

21. Show that T^**— 1 is of the form 24m, and 7*«-»+l of 
the form %m. 



CONVERQENOE AND DIVERaENCE. 

Are the following series convergent or divergent ? 

^^ a?«-.4^a?«+10a+24^a;«+18ic+80^ ' 
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W a;(a:+l)"^(a7+2)(a:+3)'*"(a?+4)(a?+5)"^'" 

Eesulty Conv. 

(iii) l+"oH — ^""'■"Ts — !"••• -RcsttZ^, Conv. if a:<e. 

(iv) ■q"+3^"'"3T~5^"'" Result j Conv. 

(v) — ] — I TflrH To — !"••• -RemZ^, Conv. if a<l. 

^ ' m+p 7n+2p m+op ' 

(vi) ^H r^H ^ h--. BesiUt ConY.ita>l. 

(™i) 1 + :72+I+ V3+2+ V4+3+ • • ■^'*"^' ^''- 
(ix) 1 +7ia;H |o ^ ' + • • • Result^ Conv. if a; < 1 . 



BECURBING SERIES. 

Sum acZ tn^n. the following series : — 

(i) l+2a-4-5a;=^+12:t?»+29a7*+ . . . 
(ii) a?+3a72+10a7»+33a?*+ . . . 
(iii) x+x^+x^-\-^x^ + bx'^+W+ . . . 
(iv) l + 2x+^x^+9x^+2^x*+ . . . 



INDETERMINATE EQUATIONS, CHANCES, etc. 

1. A man has to pay a debt of 16 shillings, and he has only 
half-crowns and florins, show that there is only one way in which 
be can pay if he gives some of each. 

2. What is the simplest way in which A, who has only half- 
crowns, can pay 14 shillings to 5, who has only four penny pieces ? 
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3. A person paid a guinea for eight books, three of one sort 
and five of another ; he forgets the prices paid for each, but re- 
members that it was a certain number of shillings. What were 
the prices ? 

4. There are three numbers, the sum of which is 6, and three 
times the first together with four times the sum of the second 
and third is 23. Find them. 

5. A person owes P£ but is allowed to pay by instalments of 
^£ at the end of every year, being charged interest for the 
amount of debts unpaid at the beginning. Show that if r be the 
interest of £1 for one year, and n the number of years which 
elapse before the debt is paid off, then 

log^-log (^-rP) 
'*- log(l+r) 

6. Two equal sums of money are placed out at very small rates 
of compound interest. Show that the times in which they reach 
the same amount are nearly inversely proportional to the rates 
of interest. 



7. Two points are taken at random on a rod of length a. 
Show that the chance of their both lying on the same side of 
the middle point is J. 

8. Two points are taken at random on a rod of length «, find 
the chance that the sum of their distances from a given end is 

less than -^ • Result^ \, 

9. What is the chance that the sum of the squares of the 
distances of the two points in the last question from the given 

end is >-j? Result^ —^. 

10. A bag contains 5 coins, which are equally likely, d. priori^ 

to be sovereigns or shillings, and a person draws out two at 

random, which are both sovereigns. He replaces these and is 

allowed to draw out one coin. What is the value of his 

expectation ? 

L 



1 62 EXAMPLES. 



11. A rod of length 6a is coloured in the order red, white, 
blue, 3a being red, 2a white, and a blue. Two points are taken 
at random in adjacent parts of the rod, and it is found that their 
distance apart is <a. What is the chance that the points are 
in the red and white ? Ans, \. 



MISCELLANEOUS. 

1. Show that the coefficient of af in the expansion of 
(l-2x)' (r'-l)(r-6) 

(l-a;)* ^ 6 

2. Prove that log,101— log,99=^ nearly. 

3. Ifa«j8yy*=a; ayj8«7«=6; and a«^*yy=:c, 

show that a?+v+g= , ° ^ > and hence find x, 
^^^ log a^y' 

4. Prove that (a+5-c)«+2(6+c-a)«+(c+a-6)» 

= 2(6+0)., if l+i=i. 

5. Find the numerical value of 

c_^/a-\^ if a(5».c)»-c(&+c)«=0. 

Result, 1. 

6. If the (n+1) digits of the number -^Twhen expressed in 
the scale ofrhepo,pi.. .pn, show that the number r^+^—(N+l) 
will have corresponding (n+1) digits r— (po+l)? ^— (jPi+l)>«-« 

r-On+1). 

7. If a;«+2^«+2!«=icy2!+4, then (y^— a?)« + (za;— y)«+(a^— «)» 

will be equal to {yz—x){zx—y){ocy'-z)+4:. 

8. If »=a+5+c, then (as+6c)(65+ac)(cs+a5) 

=(h+cy(c+ay(a+by. 

9. Show that ?±l=l+^+^-j^.+... 
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10. Prove that 

,-j-^ n'-in 1111 ~i 

11. Prove that the sum of the roots of -S— + — ^ -4 — ^=0 

x^a a?— 6 aj— c 

is equal to K^+^)+g(^+^)+<^+^) . 

12. Solve (ut-2)2(aj-l)+2(a;-2)(ic-l)+a:-9=0. 

BeMty 37=3 or =t a/— 3. 

13. The A.M. between two quantities exceeds the h.m. by a, 
and the space of the a.m. exceeds the sum of the squares of the 
G.M. and H.M. by a* : show that the quantities are a(2+ a/2) 

and a(2- V2). 

14. Solve ^V V2x2-.5a:+3=^^±^". 

Result y 2, or I, or, etc. 

15. Sum 4a+5a*+6a8+ . . . to n terms. 

16. The nth term of an a.p. is a g.m. between the sum of n 
terms, and twice the common difference : show that the ratio of 
the first term to the common difference is lit Vn. 

17. Prove (^+^) VyH^~(y+g) V^H^' 

z{X'~y) 

2(g'~a^ ^Q 

{x+z) ^/f~\:^+{y+z) V2«+ar2 

18. Solve V«— Vy=a; V«— y=&. 

Resfidt^ «=-Q (a+^), y=-Q-(«— ^)j where fc=^ii!^f[!. 

19. There are sixteen routes from QtoB^ including routes 
through P, eight from R to P, including routes through Q, and 
eight from P to Q, including routes through R, How many 
direct routes are there between each pair of the towns ? 

20. Solve f-^=aj ^t^^j. 
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21. Solve icH — ; =a, andvH — . t-=&- 

T> 7. a5— 1 a5 — 1 

liesulL aj= — = — , «/= 

6 ' ^ a 

22. If (l+a;+aj«)'»=l+^ia;+-48aj^+ . . . prove that 

23. Solve x^+y^+z^+a^+h*+<^=2ax+2h/+2cz, 

24. If 4!-+-i=l=-+- then will xyz+ahc=:0. 

b z ex 

25. If a;*— 4a;«y + 6a7V— 4i»y«+4y«2— 5ya2«+4y2» — 2;*=0, 
show that either x=^z or a;, y, z are in a.p. 

/jj •# 2; 

26. If — -— =a, -^=6, — -— =c show that 

y+z z+x x+y ' 

hc{l+a)+ca{l+b)+ab{l+c)=:l+abc. 
27,Jfxy +yz +zx=l, prove that 



^7(i+ y')(i+^') , ^ y<i+»')(i+^' 



+.y(i±^Ki±^)=2. 

28. Prove 
4(a«+ad+&«)»-27(a+&)V6«=(a-&)«(a+25)«(2a+&)«. 

29. Ifa+j8+y=l, and XiX^ be the roots of 



a 



r -I 



a— a; 0— a; c— a; 
and yij y^ be the corresponding values of y as given bj 

_ a«a &'^ c*y 
^"^a—x h—xc--x^ 
show that «s+yi=aJi+ya=«+^+c. 

30. If from the product of n consecutive integers beginning 
with X, we subtract the product of n consecutive integers 
beginning with y, the remainder will be divisible by («— y). 
l^TOYe this. 
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31. Find the coefficient of a^ in the product of 

■\',,,ad inf.) 

32. Prove that the algebraical sum of the coefficients of the 
first r terms in the expansion of (1— a;)" is 

(n-l)(w-2) . . . (n-r4-l)(-l)^-^ 



33. K the algebraical sum of the coefficients of the first r 
terms in (1— a;)** be double what it is in (1— a?)**^^, show that 
n+r=l. 

34. Show that the integer next greater than (3+>y7)'"has 
a factor 2"*+^ 

«r « -, * r * , . a;*Goffa;)* , aj'(loffa;)» , 

36. Sum ad inf. l+a;loga;+— ^.-^-^H — \f-^+ • • • 

36. Show that 

nn+i-n(n~l)»+^+^^^^^fn--2)''+^-...=-^ ^ 

37. If a^x+ly^y+c^z^l^ a8aj+6s2/+Cg2r=l, a2pc-\-hiy-\'C^z=il 
be three equations, such that one is deducible from the other 
two, show that 

Cittj + c jftg + Cgai = Cgai + Cga, + Cjag , 
and tti^a +a25g +a85i ssajfti +ag6a +ai5, . 

38. If ai, a,, ttg, are in a,p., ag, ag, a4, in g.p., and a,, a*, ag, 
in H.P., prove that aj, aa, Og, are in g.p. 

39. Solve -^-^=-^-^=-^-^, «+A+''=l. 

a; y y z z x ^ x y z 

40. Prove that (a;+3^)(a;*+y*)(aj*+y*) . . . (a;*»»+y2n) 

=a:*«-i+a;*'*-«y+aj*«-Y+ • • • +y*""*. 



ERRATA. 

Page 3 line 13 for m read-n, 

26 for {mp±.np)x read {mp±nq)x. 



t* 


9 


>♦ 


62 


it 


64 


»> 


67 


»> 


148 


f> 


149 


ti 


150 



tt 



if 



,/. *^ n-r+1 ,, 

16 after add xa. 

r 



4 for 1 - etc., read 1 + etc. 
8 in numerator of fraction read {n— 1) for (n + 1). 

15 for "neutral" read " natural'' 

5 for n read m. 

„ 25 for " nine " read g. 
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